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CHAPTER 0 


INTRODUCTION 

This thesis grew out of our attempts to study the Banach 
space representations of a Banach algebra, as the title suggests. 

We carry out our investigations by stages first focussing our 
attention on commutative Banach algebras and then on non- 
commutative Banach algebras but often digressing to cover the 
areas related to them. In the case of commutative B-algebra, 
the rich structure theory is applied to understand the nature 
of the representations. In the non- commutative case we define 
and discuss the notion of weak containment among the Banach space 
representations of a Banach algebra, in terms of coordinate func- 
tionals associated with them. Applying the results we obtained 
here to L^(G); G a locally compact group, we construct a host of 
function algebras consisting of coordinate functionals belonging 
to certain representations of G. 

We carry out an extensive study of certain invariant subspaces 
of the contragradient representation of regular representation of a 
Banach algebra A, and their duals. These duals are actually quotient 
algebras of A , the bidual of A containing A isomorphically. These ! 
studies are applied for ascertaining weakly compact multipliers of i 
A. The following may deviate a little from the main theme. Certairi 
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aspects of representation theory lead us to discuss non-standard 
hull of a representation and this prompted us to study non-standard 
hull of a Banach algebra. We prove some theorems indicating certair 
properties, it shares with original Banach algebra with which we 
started. 

A detailed description of the contents and organisation of 
the materials covered are as follows. Chapter 1 contains a glossary 
of symbols, basic definitions and relevant examples alongwith a 
brief summary of elementary facts about the non-standard analysis, 
which we need in the sequel. In Chapter 2, we construct non-standar 
hull 'a of a Banach algebra A and discuss some of its properties. 

If A is commutative, we find out the relations between the maximal 
ideal spaces of A and and draw some interesting corollaries for 
specific classes of Banach algebras. Then we define non-standard 
hull of a B-space representation of a B-algebra and that of a 
locally compact group. 

Domar and Lindahl [ 13] studied the Banach space representa- 
tion (tc,X) of a commutative Banach algebra by considering what is 
known as spectrum of n. In Chapter 3, we pursue their line of 
approach to explore the representations of a commutative Banach 
algebra A. As Arveson and others had done on abelian group repre- 
sentations, we define spectral subspaces associated with n and 
systematically study them-. Making use of these subspaces we capture 
the spectrum of n. We give a necessary and sufficient condition 
for a £ £ 0 in X to be a common eigenvector for all operators 
n(x); x ranging over A, in terms of these spectral subspaces. 
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We obtain many other results and. include several concrete examples 
illustrating the theory. Assuming the spectrum of n to be discrete 
we decompose (it,X) into its minimal subrepresentations. 

Chapter 4 is devoted for the applications of the theory we 
developed in Chapter 3. It contains two major theorems, each one 
is entirely different from the other in its flavour. One gives a 
necessary and sufficient condition for A to have a discrete maximal 

ideal space in terms of multipliers. The other proves that a norm 

— ^ 
closed. A- invariant subspace of the dual A is necessarily finite 

dimensional if it is reflexive. 

It is well known that the bidual A , with any of the Arens 
products is a Banach algebra extending the multiplication of A. But 
it is too large to retain some of the basic properties of A. This 
has naturally lead us to consider certain quotient algebras of A 
which contain A isomorphic ally. These algebras are duals of 
certain A- invariant subspaces of A* which are known as introverted 
subspaces. Specific examples of introverted subspaces were studied 
by various authors and A.T. Lau [32] studied them for a particular 
B-algebra namely A^CG). The aim of Chapter 5 is to present a 
unified approach to the study of introverted subspaces on a arbitrary 
B-algebra. Starting with a commutative B-algebra A one likes to 
know how far the commutativity of A can be extended to these quotient 
algebras. We give a definitive solution to this problem generalizing 
the result obtained by A.T. Lau [32] for (G) . For a Banach algebra 
A with bounded right approximate identity we give a functional 
characterization for the algebra of operators on an introverted 
sub space X commuting with the action of A. 
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As an application of our results we prove that there is 
no nontrivial weakly compact multiplier on a commutative M-regular 
N algebra (Ref. 1.2.3 for ‘the definition) whose maximal ideal 
space contains no isolated points. We conclude this chapter by 
proving a theorem which gives various characterizations for a 
commutative M-regular N algebra with discrete maximal ideal space. 

In Chapter 6 , we study the notion of weak containment among 
the Banach space representations of a Banach algebra A. With (ti,X) 
there arise two subspaces in A* . 

W^ «a (f e A* : there exists a K > 0 such that |f(a) j < K || u(a) || 

for every a e A} . 

If n denotes the bounded linear functional on A defined by 
a - (71(a) £ ,r) ) for any £ e X, p e X*, then define 

T u " ( 2 71 £ P : (^ n ) £ X, (r^) c. X* and Z || § || || h || < ~ } . 
n=l n’ n n n n=l n n 

It can be easily seen that c W . But then, trivial examples 

show that need not be equal to W . Then one can ask whether 

there exists another representation (7t',X’) which is nicely related 

to (ti,X) such that W^ = T^i . The main theorem of Cowling and 

Fendler [8] gives an affirmative answer to this question. We shall 

give a simpler and modified proof to this theorem using non-standard 

methods, but essentially following their ideas. 

We define and discuss B-lattice representations of a Banach- 
algebra lattice and study such representations of a locally compact 
group with special emphasis to p-representations i.e. when the 
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representation space is abstract L^-space. Motivated by the cons- 
truction of Four ier-s tilt jes algebra B(G) for a locally compact 
group G due to Eymard [15] we construct a host of function algebras 
F p (G) on G consisting of coordinate functions belonging to p- repre- 
sentations of G. 



CHAPTER 1 


PRELIMINARIES AND NOTATIONS 


In this chapter we give a list of notations and conventions 
We collect the basic definitions and facts which we may need. We 
discuss some relevant examples. Finally we summarize certain 
definitions, terminologies and basic ideas used in the framework 
of non-standard analysis. 


Glossary of 


0 - Empty set. 

jR - The field of real numbers. 

C - Hie field of complex numbers. 

IN - Positive integers. 

A c - Complement of a set A. 

f/A - The function f restricted to A. 

Int A - Interior of A. 

1 - Closure of A. 

If f i S - C, where S is a topological space, 
then the set {x e Si f(x) 0 Of is called the support of f and is 
denoted by supp f. X A denotes the characteristic function of A. 

We write a locally compact T^ group as 1c group and a locall 
compact abelian group by lea group. 


7 


Section 1.1 Banach Spaces * 

1.1,1 : 

By a B- space we mean a Banach space over C and we usually 
denote it by X. If X,Y are any two B-spaces then, L(X,Y) denotes 
the space of all bounded linear operators from X into Y. If Y = X ,w€ 
denote this by L(X) and if Y = <E, we denote this by X . 

If X, X* is a dual pair, then ( , ) - usually denotes the 
bilinear form on X x X* given by ( £,p) = r) ( £) for £ e X and h e X*. 

A subset V in X* is called total if ,"0 ) =0 for every h e V then 

£ ta 0. Let V be a total set in X . Then the topology defined by 
the seminorms { £ -* | ( £,r) ) j ; h e v} q.n X is denoted by <y "(X,V;. j n 
particular, if V = X* this is called weak topology and o (X*,X) - 
topology is known as weak-* topology. 

Let V be a subset in X. 

[ V] - subspace spanned by V. 

co(V) - convex hull of V. 

V 1 - annihilator of V i.e. {t e X*» (S, T 1)=0 ¥ £ e V } . 
For any f e X*, let us denote the kernel of f by Ker f. 

Let 1 < p < «. By an L p -space we mean L P (S, I,m) for some 
measure space (S,Z,m). In particular if S is a lc group G, and 

m is the left invariant Haar measure, then it will be denoted by 

L P (G). By M(G) we denote the space of all finite regular Borel 
measures on a lc group G. If S is a locally compact space, then 
C Q (S) denotes the space of all continuous functions which vanish 
at infinity. 
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1.1.2 Direct Sum of B- spaces* 

Let 1 < p < °°. Let {X^ || be a collection of 

B-spaces. By. ^g p (I,X i ) we mean the space { £ = ^11 £jjP < “ 

equipped with the natural norm || £ || ={ I IU i IP}' L//p • 

id 

If X ± » X ¥ i then we denote this by jf ( I,X). 

Note that the B-space JJ q (I,X*) is contained in the dual 
of (£ P (I,X), and if 1 < p < 00 then j) q (I,X*) equals (j) p ( I,X))* 
where p” 1 + q -1 = 1. 

1.1.5 B-lattices: 

For any B-lattice X the positive cone is usually denoted 
by X + . By a complex B-lattice X we mean the complexification of 
a real B-lattice i.e. there exists a real B-lattice Y such that 
every z e X is written as x+iy t x,y e Y, and |z| = { |x| 2 +|y 
We say that an operator T from X into Y is positive if T(X) c Y . 

A B-lattice X is called Abstract p-space if for every x,y 
in X, such that x*y = 0, || x+y|| p = || x|p + || y|| p holds. It is well 

known that an abstract p-space can be concretely realized as 
L p (S,I ,m). We call these spaces simply by p-spaces. 

Notice that if {X^, |j ll^}^ e j is a collection of p-spaces for 
some p; 1 _< p <_ °°, then jj} p (l,X^) is again a p-space with a natural 
order defined by: {^} > 0 if for every i e I, ^ > 0. 

We briefly describe the tensor product of B-lattices. For 
a detailed account refer Schaefer [39]. 
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Let X, Y be B-lattices and T be in L(X,Y). W e say that 
T factors through a 1— space Z with bound k if there exists 
operators, X - Z and T 2 ? Z — Y such that 

(i) T 2 is positive and || T 1 || < k, 

(ii) II t 2 1| < 1, 

(iii) T = Tgo^ hold. 

0 

Such operators form a vector subspace L (X,Y) of L(X,Y). If 
|| T ||j£ is infirmum of all k's as above for any T e L^(X, Y) , then 
it defines a norm with which iAx,y) is a B- space. 

Now the natural map X &> Y - L(X*,Y) defined by 
pCx® y)(x*) = (x,x*)y actually takes X ® Y into L^(X*Y) with 
|| p(x ® y) ||^ = || x || ||y|| V x e Xj y e Y. Completion of X Y 

with respect to the above norm || is again a B-lattice whose 
positive cone is the norm closure of the convex cone spanned by 
elements of X + <g Y + and this B-lattice is usually denoted by X ^ Y, 
Furthermore, if 1 < p < «, and X,Y are p- spaces then so is X ^ Y 
and if X and Y are 1-spaces then so is X ^ Y and || ||^ is none 
other than projective norm. 

Section 1.2 Banach algebras * 

1 . 2.1 

The following notations are fixed throughout this thesis. 

A - Any Banach algebra over C. We usually write a Banach algebrf 
as B-algebra. A is always assumed to be right faithful, i* e 
if for some b in A ab = 0 for every aeA then b = 0. 



10 


A e - The Banach algebra got by adjoining identity to A i.e., 

A g = xeA, reC}. 

If A is commutative, then 

a(A) - The maximal ideal space or spectrum of A, i.e. the space 
of all non-zero complex homomorphisms on A with Gelfand 
topology. 

A 

x — The Gelfand transform of x on A(A) defined by x(x ) = t(x) 
a 

A - Image of A under Gelfand transform 

C = (x s A: supp x is compact}. 

Let us observe that, A(A g ) = a(A) (/[x^jwhere x m maps any element 
(x,r) to r. 

We say that A has got 1-right approximate identity if there exists 
a net { e ± } in A such that, l |e ± | | < 1 V i, lim I la e± — e. II = 0 V a eA. 
If it is two sided, then we simply call as approximate identity. 

{e^} stands for approximate identity, unless specifically mentioned 
otherwise. 

1 . 2.2 

Let us discuss some terminologies in the context of commut- 
ative B-algebras. 

We say that A is semisimple if the Gelfand transform is 
injective i.e., for any x e A, if x(x) = 0 V x e A(A) then x = 0. 

A is called regular if for any closed set H and x in A(A) 
such that x i E, there exists x e A such that x(r) = 1 and x/E = 0. 
Moreover, if I lx I I for some M > 0, independent of x and E, then 

A is called as M-regular. 

We shall give a number of examples of M-regular algebras. 

We do not know whether every regular commutative Banach algebra is 
automatically M-regular for some M > 0. 
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A is called Tauberian if C is norm dense in A. 

For every closed ideal I, {x e a(A) : x ( x ) = 0 for every xel} 
is a closed -set in a(A) and is called as hull of I. We denote it 
by h(I). 

For any closed set E in a(A) we denote the ideal 
{x e C: x vanishes on a neighbourhood of E} by J (E) and it is 
well known that the closure of J (E) is the smallest among all 
the closed ideals I such that h(l) = E, for a semisimple regular 
B-algebra A. We say that E is a set of spectral synthesis or 
simply S-set if J^Ej - is the only closed ideal whose hull is E. 

1.2.3 Definition : 

We say that a commutative B-algebra A is N-algebra if A is 
semisimple, Tauberian and every singleton set {<*>} f n a(A) is a 
S-set. If in addition, it is M-regular, then we call it as M-regulai 
N algebra. 

We give some examples of M-regular N algebras. 

1. C 0 (S) is an 1-regular, N algebra. 

OO , 

2. In particular L (S,L,m) f or any measure space (S,L,m) 
and AP(G), the algebra of all almost periodic functions 
on a lea group G are 1-regular N algebras. 

3. Let A — L^(G)i G a lea group. Then A is a 2-regular N algebra. 
Owing to the theorem 2.6.3 of Rudin [3©J we conclude that 
L^(G) is 2-regular. The fact that every singleton is a 

S-set is Just Beurling-Kaplansky’s Theorem. 
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4. Beurling Algebras; Let G be a lea group. Let to be a real 
valued function on G such that 

go (x) > 1 V x e G 

u (xy) <_ to (x) co(y) V x,y £ G and 
w is measurable and locally bounded. Then the algebra 
{f; f. w e L^(G)} is called as the Beurling algebra and 
is denoted by I^(G), and it is a commutative 2- regular 
N algebra if the weight function ^ satisfies the following 
Shilov’s condition: 

(i) w (x 1 11 ) = 0(|n| a ); |n| — 00 for some a > 0, a depends on x. 

, \ to fx n ') 

(ii) lim inf — A2L_i = 0 , V x £ G. 

I n | - °° I n | 

Refer Reiter [35; Chapter 3,6] for more details. 

5. In the following paragraph we briefly describe the socalled 
Figa-Talamanca-Herz algebras A^(G); G a lc group and l<p < °° 
and assert that they are 1- regular N algebras. 

Ap(G) is the B- algebra of all functions u of the form 

OO 

u = 2 f n *g n > where, {f n } c L P (G); {g n } cjL q (G) such that 

1 II f JI II g n II < °°- 

n=l n n 

Here g denotes the function t - g(t - ^): t e G. 

Ap(G) is actually a function algebra with point-wise 
multiplication and the norm of u, for any u £ A (G^ is 
given by Inf {Z || f n 1 1 1 1 g n i I } where the infirmum is taken 
over all the representations of u. It is regular, Tauberian and 
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its maximal ideal space is identified with G, with Gelfand 
transform being identity. Here every singleton set in G 
is a S-set. For a detailed discussion refer Herz [27, part 3 ] 
and Eymard [l6, p.13]. In what follows we shall give an 
explicit proof that these are 1-regular, since we donot 
find a proof already existing in the literature. 

Claim ; There exists a u e A (G) such that u/U c = 0; u(e)= 1 

and II u || £ 1 for every compact neighbourhood U of e. 

2 

Let V be a symmetric neighbourhood of e such that V c U. 
Consider f = m(V)~^/P Xy where m is the left invariant 
Haar measure on G and Xy is the characteristic function on V. 
Let g = f p_1 . Then f e L P (G), g e L^G) and ||f || p = || g j| q =1. 
Consider u = f Then u(e) = 1 and ||u|| < ||f|| llgll^ = 1, 

again observe that u/U c = 0. 

Since A .(G) is invariant under translations and, || u|| = ||u|| 

P s 

where g u is left translate of u by s, the result is true 

for any s e G. Thus A (G) is 1-regular. 

P 

Remark : Refer Loomis [33] or Rickart [36] for the unexplained 

terminologies if any. 

1.2.4 

In this paragraph we discuss about B-space representations 
of lc groups and B-algebras. 

Let G be a locally compact group. We say that (n,X) is a 
B-space representation if 

(i) X is a B-space 
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(ii) 7 t; G - L(X) is a map satisfying ix(.st) « n(s)o n(t) 
and the mapping (t, £ ) -*■ ^(t) i is continuous from 
G x X into X. 

We say that (u,X) is uniformly bounded if there exists 
M > 0 such that, || tc ( t ) J | <_ M for every t e G. 

We say that any two representations (tc^,X^) ( n 2 ,X 2^ 

are equivalent if there exists a T e L(X,Y) and T is invertible 
such that To n (t) = n 2 (t)oT for every t £ G. 

We renorm (X, || ||) if necessary as 

IIS II- Sup { 1 |tc (t) £ ||} 
teG 

so that, the representation n of G on (X, || ||) and the represen- 
tation it of G on (X, || ||') are equivalent. With the new norm, 

|| ||', we have || it(t) || <_ 1 V t £ G and consequently 
|| n(t) || » 1 V t e G. 

We henceforth make it a convention that for any B- space 
representation (it,X), || tc (t ) || = 1 for every teG . 

The usual representation of G on lP(G) defined by f - _-,f 

(s"7 

will be denoted as 4^ and we call it as left-p- regular repre- 
sentation of G. 

Consider a B-algebra A, (-n;,X) is called a B-space represen- 
tation of A if 

(i) X is a B-space 

(ii) Tti A — L(X) is an algebra homomorphism. 
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We say that (n,X) is a bounded B-space representation if 
there exists M > 0 such that || tc(x) || < M||x)| for every x £ A. 

Let (n,X) be a bounded B-space representation of A. As 
in the case of groups we renorm X if necessary, as 

lllll'- Max {Sup (||n(x) £ ||) ; || £ || } 

IMI < 1 

so that, it is equivalent to the representation it ' of A acting on 
(X, || || ') which satisfies, || it' (x) || < ||x|| ¥ x e A. 


Henceforth we make it a convention that for any B-space 
representation (it,X) of A || n(x)||4 llx|| ¥ x e A . 

The usual left regular representation of A acting on A by 
b - ab ? a, be A is denoted by X. 

We say that (it,X) is non degenerate if the closure of 
[it(A)X] equals X. 


representations then by 


} i£ I is a collection of B-space 


1.2.5 * Fix 1 <_ p < °°. If {im 


we mean the direct sum of the B-space representation. 

If in particular im = it and X^ = X for every i e I then the 
above representation will simply be denoted by ( I,X)). 

1 . 2 . 6 : 

Let A denote the B-space A with a new multiplication, as 
x o y = yx ¥ x e A. Then A is a Banach algebra which is called 
as reverse algebra. If A is commutative then A = A. 
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If (u,X) is a representation of A, then, a — n(a) is a 
representation of A with representation space X . This represen- 
tation is known as contragradient representation of (rc,X) and 
is denoted by (it,X*). 

1.2.7 * 

Let L^CX) denote the algebra of all bounded operators 7 
on X such that To n(x) = % (x) o T ■¥ x e A, 

Notice that L \ (A) is none other than the algebra of all 
left multipliers, Mg(A). 

Finally, we remark that with our conventions as above, 
the B-space representations of lc group G are in one-one corres- 
pondence with non-degenerate B-space representations of its 
group algebra L^(G). 


Section 1.3 * 

Let YYJ denote a super structure or standard universe, 
containing those objects which we want to study. The standard 
individuals or basic elements Inly is denoted by . Then there 
exists another universe a non-standard enlargement and an 
imbedding * from into * wj . * takes $ into *;&, the non-standard 

individuals. We discuss some of the terminologies involved in 
this non-standard superstructure and identify some of the properties 
it enjoys. 


* transform of a set E in^ is usually denoted by E, Since 
* transform of a function f with domain E extends f from E to E, 
it is natural to denote *f by f itself. We do so. 
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If a is a sentence (i.e. a formalized mathematical assertion) 
in the language of fy i.e., standard language, then the symbol 
j= a indicates that a is true in ly , and similarly * i= a 
for any a in *YtJ indicates that a is true in the non-standard 
language. 

We state the crucial Transfer principle. 

1.3«1 « Transfer Principle 

If a is a sentence in ly , let us denote the * -transform 
of a by *a. Then, a is true in if and only if *cc is true in *)y. 
i.e. |= a if and only if * )= a. 

We remark that the constants belonging to >$in any 
sentence a will not get changed if we apply * to a . In particular, 
if a involves only constants belonging to then, * a = a. 

We always asstime that JR, C, are contained in . 

The non-standard enlargement *IR is called as the space of 
hyper reals. Any p e *1R, is called infinitesimal if |p| <_ r for 

Wo 

every standard real^r. The set of all infinitesimals is called 
the monad of 0, and is denoted by \x (0). 

If p,q e *IR we say that p is infinitesimally near to q if 
p-q e M-(O). Notation! p ~ q. 

We say that p is finite if there exists r in JR such that 
p - r e \i (0) is p a r , and r is called as standard part of p and 
is usually denoted by st(p). 

An object S in is said to be internal if there exists 

a standard set E inT^ so that S e *E. 
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1,3.2 ; Definition 

The non-standard universe *jy is said to be JO-saturated, 

where X is an uncountable cordinal,if for a given family 

{S. }. T of internal sets, contained in a fixed internal set T, 

the hypothesis that cardinality of I Oc and b & s finite 

intersection property will imply H S, is not empty. 

iel 1 

1.3.3 ! Concurrence Theorem; 

A relation P is called concurrent in if whenever, 
a^,..., a n belongs to domain of P then there exists a b a YYJ such 
that, <a i ,b> e P i = 1,2,..., n. 

Let P be a concurrent relation in Then there exists 
an element b in *f{j such that, < *a,b> e P for every a in the 
domain of P. 

1.3.4 ; Q-Topology ; 

Let (S, Q ) be a topological space. Consider the non-standard 
enlargement *S. We will give a topology on *S which is known as 
Q- topology. 

Consider *Q . The elements of are internal sets. Observe 
that*Q contains empty set and *S. The intersection of any two 
elements of will again be an element in , but the union of 
arbitrary elements of *Q need not be internal. These elements 
of *Q is a basis for a topology which is called as Q-topology 
(See Robinson [37; 4.2.8]). 
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Remarks ? 

1. Davis [ 9 ] is a pleasant book for learning the elementary 
facts about non-standard analysis. 

2. Standard references for the above discussions are the 
books of Davis [ 9 ], Robinson [37] and Stroyan and Luxemberg [40] # 
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NON-STANDARD HULL OF A BANACH ALGEBRA 

Apart from the fact that non-standard hulls of a B- space 
are proving to be quite useful in understanding the local proper 
ties of Banach spaces, they themselves are becoming objects of 
study in their own right. The survey article by Henson and 
Moore [26] and the references cited therein will substantiate 
our claim. In this chapter we initiate the study of non-standard 
hull of a Banach algebra. 

In Section 2.1 we recall the construction of non-standard 
A 

hull X ofa.B-space X and some of its basic properties. In Sec. 2. 2 

A 

we define non-standard hull A of a B-algebra A and study some of 
its properties. In particular, if A is commutative then we discuss 
the relations between maximal ideal spaces of A and 'k. In corollary 
2.2.5, we prove that if A = C q (S), then there exists a locally 
compact space S such that A = C (S) s topologically 

A 

imbedded as a dense subset in S. In Sec. 2.5, we define non- 
standard hull of a representation of a Banach algebra with 
particular reference to group algebras which will be needed for 
later use. 

Section 2.1 ? 

Let VJ be a superstructure with standard individuals 
and fy be a non-standard enlargement with non-standard 
individuals. Assume *'fj is dc -saturated for some uncountable 
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cardinal Jc . (Refer Sec. 1.3 for the basic definitions). 

Let X be a B- space contained in ^ . We now construct 
non-standard hull of X. By transfer principle *X is a linear space 
over *C. We say x e *X is finite if ||x|| is finite. (As usual 
we fail to distinguish between norm functions on X and *X) . 

Denote this subspace of all finite elements by fin (*X). An 
element x e *X is called as infinitesimal if ||x|| « 0. If p. (0) 
denotes the set of all infinitesimals then it is a subspace of 
fin *X. 

A fl n f A 

Consider the quotient space X = \ rTQ ) ~ ’ x i s a linear 
space over C and is called a non-standard hull of X. Let Y 
designate the quotient map from fin ( X) into X. Since finite 
points are near standard in *IR, st(||x||) exists for every 
x e fin (*X). We norm X by taking ||y(p)|| ■ st ||p|| ¥ p e fin (*X). 

A „ A 

Then X is a normed linear space. Since is ^-saturated, X is 

A 

complete and so X is actually a Banach space. Hence non-standard 

A 

hull X of a B- space X, is again a B- space and X is isometrically 
/\ 

imbedded in X. 

We list out some of the basic properties. They can be 
either easily verified or found in Henson and Moore [26]. 

2.1.1 ? Proposition? 

(i) If X is a B-lattice then S o is X, with order defined by 
x < y iff p < q + z where x « Y (p), y - Y (q) and z e H (0). 

A 

(ii) If X is an Abstract p-space 1 <_ p < 00 then so is X. 
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(iii) Let X, Y be B-spaces, T; X - I be a bounded linear 

operator. Then the extension T: X - Y induces a bounded 

linear operation T : X - Y with || T || * || T ||. Actually if 
T: *X - *Y is an internal linear operator with ||T|| being a- 
finite hyper real number, then T induces a bounded linear 
operator T from X into Y such that ||T|| = st (||Tl|). 

(iv) If, in particular, Y is C, then we see that (X ) is 

A 4 

isometrically imbedded in (X) . 

(v) Let Ti X - Y be a bounded linear operator. Then T is 

A 

bijective, isometric if T is respectively so. If X and Y are 

A 

Banach lattices, then T is order preserving or lattice isomor- 
phism if T is respectively so. 

Section 2.2 ? 

Let A be a normed algebra. By transfer principle the 
norm function defined on *A will also satisfy the following 
condition. 

* t* (V x e *A) (V y e *A) ( ||xy|| < ||x||* ||y||) . 

Observe that fin ( *A) is a subalgebra and ix(0),the 
monad at 0 is an ideal in fin ( A). Therefore, A is a normed 
algebra over C. As *yrj is ^-saturated, A is a Banach algebra 
if A is so. 

2.2.1 Proposition: 

Let A be a B Algebra and A be its non-standard hull. Then 
the following are true. 
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(i) If A has a unit then A will also have unit. 

/s 

(ii) If A is commutative then A is also commutative. 

(iii) If A is a * algebra then & is also a * algebra. 

(iv) If A is a C* algebra then A is also a C* algebra. 

Proof ? 

(i) If A ha s a unit e then 

*= (3 eeA) ( ||e| | = l)(¥ xeA) (xe = x = ex). 

By transfer principle, 

* 1 = (3ee*A) ( ||e || = l)(¥ xe*A)(xe = x = ex). 

A. . A 

We observe that this e is actually in A and. is a unit for A. 

(ii) We apply transfer principle to the extension of multi- 
plication function. 

b (V xeA) (¥ yeA) (xy = yx) 

* (¥ xe *A) (ye *A) (xy = yx) . 

* A 

So A is commutative, and therfore A is also commutative. 

(iii) Since A is a * algebra there exists an involution 

* J A — A such that ||x*|| = ||x||. Applying the transfer principle 
again, we see that * is an involution on *A and it induces an 

A A 

involution on A so that A becomes a * algebra. 

A * 

(iv) Let A be a C * algebra. Let y(p) « xeA, p e fin ( A). Then 

||x*x|| = st ( || p*p ||) = st (||p* || llpll) = ( st | |p* || ) ( st ( I |p 1 1 ) ) 

= ||x*|| Ml - l|x|| 2 by (ill). 


Hence the proposition. 



24 


2.2.2 Proposition: 

Let A be a B-algebra with bounded right approximate 
identity { e ± } ieI - Then, the following hold. 

(i) There exists ee'A such that xe = x ¥ xeA. 

(ii) If we further assume that ||e ± | j < 1 ¥ iel, then there 
exists a isometric isomorphism from the algebra of left 
multipliers M^(A) into A. 

Proof : 

Let M > 0 be such that ||e i || < M ¥ iel. By transfer 
principle there exists a net {e^}^ £ *j in *4 such that 
||e ± || < M ¥ ie *1. By concurrence theorem there exists a 
k e *1 such that k > i V iel (Refer Robinson [37, p.97]). 

Let xeA and e > 0. Then there exists i such that 

(= (¥ ielX(i>i Q ) =?> || xej.-xjl < e). Therefore, 

* (V ie*I)((i>i c ) =» Hxe^xll < e). 

Since k > i ¥ iel, ||xe^-x|| < e ¥ xeA, and ¥ e>0, therefore, 

xe k w x ¥ xeA. (l) 

% 

Since ||e k || < M, e k e fin (*A). Again e k will not belong to p (0) 
for, if so, then (l) implies that x e p (0) ¥ xeA which is absurd. 
Therefore, Y (e k ) £ 0 

Let e denote Y (e k ) . Then we observe that, 

||e|| <, M and x = Y (x) = Y(x.e k ) by (l) 

- Y(x) Y (e k ) = xe. 
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We prove (ii). Let T e M^(A) . Then T: A - A is a 
bounded linear operator such that T(ax) = aT(x) V a,xeA. 

A A A 

Now T induces a bounded linear operator T from A into A and 
by transfer principle T(ax) = aT(x) V a,xeA. 

Define a map F:M^(A) -* A by F(T)=^(e). 

Then F is linear. If T =Xix), then F(T) = x. 

For xeA, T(x) = T(xe) = x*(e) (2) 

We prove that || F(T) || = ||T|| V T e M^(A) . 

I|F(T)|| = || 1(e) ||< ||$|| ||e|| = ||T|| ||e|| < ||T||. 

by proposition 2.1.1 (iii). 


Therefore, ||F(T)|| 
Conversely, ||T|| = 

< 

Therefore ||F(T)| 


< l|T||. 


Sup 

IIKx)I 

IWI 

iixir<i 

l|T(e)ll 

= ||F(T)H. 


= l|T||. 


Sup 

Hx||<l 


lixT(e)| 

llxll 


by (2) 


Hence the theorem. 


2.2.5 Theorem: 

Let A be a commutative B-algebra with bounded approximate 
identity { e j_}^ e j* Let a(A) denote its maximal ideal space. Then 
the following hold. 

(i) *(a(A)) is contained in a(&) . 

(ii) Inclusion map fromA(A) into a(A) is continuous. 

(iii) If A is further assumed to be M-regular for some M > 0 
then the Q-topology in *a(A) is the same as relative topology of 
*(a(A)) in a(&). 
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Remark? 

For the definition of M- regular B-algebras refer 1.2.2. 

We discussed Q- topology in Section 1.3. 

Proof ? 

We denote a(A) by S throughout the proof for the sake of 
simplicity. Now, 

f= (¥ weS)(¥ x,yeA) (co(xy) = w (x) w(y)). 

By transfer principle, 

* 1= (¥ we *S)(¥ x,ye*A) (w(xy) = u(x)w(y)). 

Again , 

)= (¥ wes)(¥ xeA)(|w(x)| <_ ||x||). Therefore, 

* 1= (V w e * S )(¥ xe*A)(|a»( x )| < ||x||). 

Hence w takes finite elements into finite elements, and ||w|| < l. 

Let K > 0 be such that ||e^|| < K V iel. We know that 

VweS, limw(e.) = 1. Therefore the following is true, 
i 1 

h (¥ w eS) (3 xeA A ||x|| < K) (l/2 < |w(x)|). 

By transfer principle again, 

(Vo> e*S)(3 xe *A/v||x|| < K) (l/2 < |«(x)|). 

Therefore, V we *S, 0. 

Hence <o induces a non- zero complex homomorphism on A. 

Therefore, *S a a(A).' 

We prove (ii). Notice that ¥ reS, the sets of the form 

W x (x 1 , . . . , x^ ? e) = {weS? |w(x i )-^(x i ) | < e 5 1 < i < n}, 
x-^,..., x q in A, e > 0} form basic open neighbourhood system at x, 
with resoect to the Gel fand ■hrmnl ncrv*ltd O •f" 1 n qH rvn Q 



27 


The Q- topology defined on *S will contain the following 
internal open sets. 

{ co e*S: |t(p ± ) - wCp^ | < e , 1 < i < n} 

where p^,..., p n is any finite collection of elements in *A and 
e is any positive hyper real number. 

Now we proceed to give a proof for (ii). 

Let^e *S;£>0 be a standard real number. xeA. Let p e fin *(a) 
such that Y (p ) = x. 

Consider W = {xe*Si |t(x) - t q (x)| < e}. 

Let V = {t £ *S: |x (p) - x (p) | < e}. Then V is an internal open 
subset containing x Q and V < W for, if t e V then, 

k ( x ) ~ t q (x)| = st ( |t (p ) -t q (p)|) < e. 

Hence 0- topology is finer than the Gelfand topology on S. 

We prove (iii). Since A is M-regular the following is true. 

t= (V t eS) (¥ Ue&MreU) ((3peA A ||p|| < M) (p/U c = 0A |x (p) |>l/2)). 

By transfer principle, 

* h (V t £ *S) (¥ Ue *3l/\ x eU) ( (3pe*A A || p || < M) 

(p/U c = 0 A|t( p ) I > 1/2)). 

Notice that p *6 0 for, |x(p)| > 1/2. 

Let x e *S. Let W be G-open. Then there exists an internal open 

subset V such that x eVc W. 

o — 

Let pe *A be as above with respect to and V. Take x = Y (p). 
Then, if U = {x e*Sj |t (x)-^ 0 (x) | < 1/2}, we have T o eUc V. 

Hence the relative topology of *S is finer than the Q-topology. 
Hence the theorem. 
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2.2.4 Theorem: 

Let A be a commutative M-regular semisimple B-algebra 
with hounded approximate identity. Moreover, we assume that 
^ is also a regular B-algebra. Then *(a(A)) is dense in a$). 

Proof : 

Let S = *(a(A)). Suppose that S f a(&). 

Then, by regularity of A, there exists a x = y(p); pc fin(*A) 
such that x £ 0 and x/S = 0. 

i.e., Vo)£*a(A), co (p) » 0. Then the following holds. 

* 1= ( pe *A A p^o) (¥ £>0) (¥ CO e *A ( A ) ) ( | co(p) | < e). 

By transfer principle, 

h ( peA^O) (¥ e>0)(¥co ea(A))(|Kp)|< e). 

i.e. there exists a p/^0 and oo (p)=0 ¥co ea(A) which contradicts the 
fact that A is semisimple. 

Therefore, *a(A) is dense in A(fi) . 

Hence the theorem. 

2.2.5 Corollary: 

Let S be a locally compact space. Then there exists 
another locally compact T^ space S such that 

(i) C q (S) is isometrically isanorphic to C Q (S). 

r\ 

(ii) *S is topologically imbedded as a dense subset, in S. 

Proof : 

Observe that C Q (S) is a commutative C*-algebra. Therefore 
C (S)^ is again a commutative C*-algebra by proposition 2.2.1. 
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So, C q (S) A ~ C q (S) for some locally compact T 2 ~space S. 

Moreover observe that C Q (S) is regular. Hence theorem 2.2.4 
implies the result. 

2.2.6 Remarks: 

(i) In the above theorem, if we suppose that S is compact, then 

A. 

S will again be compact space. 

It follows by proposition 2.2.1 and the fact that the 
only commutative C* -algebras with units are of the form C(K) 
where K is a compact T 2 -space. 

(ii) The above corollary for a compact T^-space was proved 
by Henson. (See proposition 3.2 of Henson [25]). 

Section 2.3 : 

Let A be a B-algebra; (it , X) , a bounded Banach space 
representation. In this section we construct a new B-space 
representation out of (n,X) using non-standard methods. We 
shall be calling it as a non-standard hull of (ix,X) which is 
going to be a useful tool for our studies on B-space represen- 
tations. 

Applying the transfer principle to (n,X), we have, 
a linear map x — *n(x) from *A into L(*X) such that 

ll**(x)||< IMI and *it(xy) = *n(x)o*7c(y). 

(Let us recall that ||ti(x)|| < ||x|| ¥ xeA) . 

Therefore ¥ xeA, ||*tc(x)|| is a finite hyper real number and so 
by proposition 2.1.1 (iii) , *u(x) induces a linear operator on 

A 

X and if we denote the induced operator by % (x) , it satisfies the 


f ol 1 nwincr ! 
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¥ x,yeA, ft(xy) = ft(x) 0 ft(y); 

|| 7i (x) || = st|j*Tx(x)|| = ||n(x)|| by proposition 2.1.1 (iii) 
and therefore ||ix(x)||< ||x||. 

Thus (ft,X) is a B-space representation of A and 

lift (x) 1 1 = Hit (x) 1 1 ¥ xeA. 

This is called non-standard hull of (n,X). 

2.3.1 Remark: 

In this paragraph we define what is known as non- 
degenerate non-standard hull of a representation (n,X). Since, 
non-standard hull of (n,X) discussed above need not be non- 
degenerate, we take out the essential part of it. i.e., 

Let X = [ft ( A)x]~" . Then X is invariant under A. 

Let % a ft/X. Then the following assertions hold. 

(i) (ti,X) is a non-degenerate B-space representation of A 
and is called non-degenerate non-standard hull of (it,X). 

(ii) X is isometrically imbedded in X for, 

[w(A)X] is isometrically imbedded in [ft(A)X] and u is 
non-degenerate . 

2.3.2 Remark: 

Let G be a lc group. Let Orc,X) be a B— space representation 
of G. As per our convention || tx (t ) || = 1 ¥ teG. 

We define non-standard hull of (n,X) in the following way. 

Now (tc , X) can be extended to a non- degenerate B-space 
representation of L 1 (G), which a s usual will be denoted by the 



same notation (ti,X). Let (u,X) denote the non- degene rate non- 
standard hull of U,X). This is going to be a representation 
of G which we call as non-standard hull of (tc,X). 

2.3.5 Remark* 

For any representation, (n,X) not necessarily uniformly 
bounded, Wolff [42] defined a non-standard hull in the following 
way. 

Consider X° = { £ efin(*X): n(t) £« £ if t « e} (l) 

then p(0) c X° and ¥ teG, tc ( t) leaves P- (0) invariant. Take 
X^ = ~ YqJ and for every t, take Tt°(t) = Then, (%° ,1^) 

is defined to be non-standard hull. (For more details we refer 
to the above mentioned paper). 

But with our convention that | (tc ( t ) | j = 1 ¥ teG, both the 
definitions are same. In order to conclude this we essentially 
need to show that X^ = X. 

For every £e fin ( *X) and ¥ feL 1 (G) ,*it (f ) £e X°. 

Therefore 7t(f) £ eX^ ¥ £eX. 

Since X^, is closed and X = [ii(A)X] we have X c X^. 

Now we show that X^ c X. 

Let SeXg, then £ eX. By (l) we have l£m n(e^) £=£ where {e i } 
is a bounded approximate identity of L"*"(G). 

Therefore, it(e^)§ e[ft(A)X] and hence ^e[tc(A)X]~ = X. 

r\/ 

Hence Xq = X. 



CHAPTER 3 


B- SPACE REPRESENTATIONS OF A COMMUTATIVE BANACH ALGEBRA 

This chapter deals with B-space representations (tx,X) of 
a commutative B-algebra A. Domar and Lindahl [ 13 ] had already 
made some efforts to understand the nature of (7x,X) by 
defining three different spectral notions for (tx,X). Around 
the same time, W. Arveson and others defined the notion of 
spectral subspaces associated with a B-space representation 
of lea group. A good source for this is Combes and Delaroche 
[6, part I]. Now, in this chapter we pursue the investigations 
of Domar and Lindahl, by defining the spectral subspaces 
associated with a B-space representation of a commutative 
B-algebra and study them systematically. 

In Section 3.1 we define the spectrum of tx and the 
spectral subspaces after fixing certain notations. In Sec. 3.2 
we define the spectrum of an element in the representation space 
and discuss 'the relation between spectrum of an element and 
the spectrum of tx. Then we establish various equivalent 
characterizations of the spectrum of tx. We discuss the rela- 
tion between the spectrum of tx and the spectrum of an operator 
tx (x) f xeA. 
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In Sec. 3.3, we give a necessary and sufficient condition 
for ah element 0/4 g in X to be a common eigenvector for % (x) : x 
ranges over A;in terms of the spectral subspaces. We prove 
some interesting corollaries of the above results. In Sec. 
we give various examples illustrating our results. In Sec. 3.5 
we decompose (it,X) into its minimal sub- representations, by 
assuming the spectrum of tc is discrete. We derive some coro- 
llaries of this theorem. Finally, we give a relationship 
between the spectrum of a representation (tc,X) and the spectrum 
of its non-standard hull. 

Section 3.1 : 

In this section we fix up some notations exclusively 
meant for this chapter, define the 'spectral subspaces ' associated 
with a representation and prove some of their elementary proper- 
ties. 

3.1.1 Notations and Assumptions* 

Let A denote a commutative Banach algebra. (n,X) be a 
B-space representation. Throughout this chapter, we assume 
that (tc,X) is non-degenerate . Since we want to use the machinery 
of Gelfand transform effectively, we need A to be regular and 
semisimple. Moreover, we want the basic example of a represen- 
tation namely regular representation to be a part of our study, 
i.e., we want the regular representation to be non-degenerate 
and so we assume that A to be Tauberian. For technical reasons 
we also require that every singleton in &(A) is a set oi spectral 
synthesis. In short, we assume that A is commutative regular 
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N- algebra (Cf. 1.2.3) throughout this chapter, unless we say 
explicitly, otherwise. 

The following notations are fixed. 

\ » {xeA; ic (x) =0}, I % ^ = {xeA; n(x) i = 0} ; £ sX 

Let U be any open subset of A(A). Then Ft 71 (U) denotes the 
weak-* closure of {n(x) £ ; xeC and supp (x) c U, £ e X} . We 
recall that by xeC we mean supp x is compact. 

Let E be a closed subset of a(A) . Then 

M*(E) = {R % (E 0 )} 1 i.e., 

= {i-eX; ti(x) £ = 0 for every xeC such that 

(supp x) HE = 0 } . 

(Recall that n denotes the contragradient representation of tc). 

3.1.2 Definitions; 

1. For every closed set E in a(A), M u (E) is called as a 
spectral subspace associated to %. 

2. For every element £ in X, spectrum of £ with respect to n 
is defined to be the hull of the closed ideal I . and we denote 

TC 

this closed set in a(A) by Sp^ £ . 

Henceforth we will not put % in all the above notations, 
unless we need to specify the representation with which we are 
working. 

3.1.3 Definition; 

The spectrum of n is defined to be the hull of the closed 
ideal 1^ and is denoted by Sp tc. 
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Before giving some examples, let us derive some elementary 
properties of spectral subspaces. 

3.1.4 Proposition: 

Let E be a closed set in a(A) . Then, 

M(E) = {£eX: it(x)£ = 0 ¥ xeJ Q (E)} 

= UeX; Sp § c. E } . 

Proofs 

First equality follows from the fact that if xeA and 
supp x is compact then (supp x) ft E = 0 iff x vanishes on a 
neighbourhood of E. 

Now we prove the second equality. 

Let £eX be such that it (x) £ = 0 ¥ xeJ o (E). 

Then J q (E) c Ig, so h(Ig) c h(J Q (E)). 

Therefore Sp £ c. E. 

Conversely, let £ eX be such that Sp £cr E. i.e., h(Ig) c E. 
Therefore, J (E) c Ig by 1.2.2. 

Therefore ¥ xeJ Q (E), it(x)§ = 0. Hence the equality follows. 

3.1.5 Proposition ; 

Let U, IL designate open sets and E, E^ designate’ closed 
subsets in a(A). Then the following hold. 

(i) R(U) and M(E) are it- invariant subspaces of X, 

(ii) ’ If U 2 c U 2 then R^) c R(U 2 ), 

If E 1 c E 2 then M(E 1 ) c M(E 2 ). 

(iii) If U c E, then R(U) c M(E) . 
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(iv) R(0) = M(0) = 0 , 

R(a(A) ) = M(a(A)) = X. 

(v) If U = U U. then [ E R(U,)]" = R(U) 

iel 1 iel 1 

and dually if E = fl E. then, M(E) = n M(E. ), 

iel 1 iel 1 

for any collection {U^} and {E^}. 

Proof t 

■ v 

(i) to (iii) can be easily seen by using the definitions, 
(iv) follows because, rt is non- degenerate. 

To prove (v) we need the following lemma: 


3«1.6 Lemma : 

Let x e A with x having compact support. 

A n 

If supp x c U U. where U. are open subsets, then there exists, 
~ i=! 1 1 

y 1 ,y 2 ,..., y n in A such that V i, supp y i is compact and 

supp y . <= U. and x = E y . . 

1 i=l 1 

Proof: 


We prove the lemma for n = 2. 

Let K denote the supp x. For every t e KflU^ there 
exists V-t such that 7 X is compact and % z \ c| c^, 
Similarly for elements in K H U., 

Using compactness of K, choose a finite collection of 

{V.}, T e Km^ and K0U 2 say and^.W^. 

satisfying the following. 


W_ 


n 
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m n 

K c ( U V ) U ( U W ) and V. c U j W. c U„. 

” i=l 1 j=l 0 J 

m n 

Take V = U V. and W » U W. . 

i=l 1 0=1 0 

We observe that V and W are compact. 

Now, K g, U x U W c U x U ScUjUDg, Use regularity to get a y 
in A such that 

y/W = 1 and y/U^ = 0. 

Let, z = x-xy. . Then supp z c ^ and supp (xy) A c U 2 » 

Moreover x = xy+z; (xy) A and z will have compact support. 

Hence the Lemma for n = 2 and by induction for any n. 

Now, we complete the proof of (v) of Proposition 3.1.5. 

It is clear that (2 R(lL)) c R(U). 

i 

Let us prove R(U) <r (Z R(U.)). 

i 

Let x e C be such that supp x c U U . . Since supp x is 

i 1 

compact, there exists a finite collection U n such that 

a n 

supp x c: U U. . 
i=l 

By the above lemma there exist y^y^***** Y n An C such 

A n 

that supp y^ <= and x = Z y^. 

n 1=1 • ■ 

Therefore, n (x ) £ = Z x(y. ) £ and hence it follows that 

i=l 

R(U)€('Z R(U.))“. 

iel 1 

Second assertion follows immediately from the definition 
of M(E) and by usual duality arguments, if we apply first assertion 

Hence the proposition 3.1.5. 
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3.1.7 Remark J 

By (iv) and (v) of the' above proposition we infer that 
there exists a minimal closed set among all the closed sets 
E in a(A) such that M(E) = X. Denote it by /V . 

Section 3.2 ? 

In this section, we shall give various equivalent condi- 
tions for an element x to belong to Sp it involving spectral 
subspaces and spectrum of an element in X. We define approximate 
point spectrum of it and determine its relation with the spectrum 
of it. Finally, we shall prove the equivalence of various defini- 
tions of spectrum of it in Theorem 3.2.9. 

3.2.1 Proposition; 

Let (it,X) be a B-spape representation of A. Then the 
following are equivalent. 

(i) t e Spit 

(ii) ¥ open neighbourhood U of x , R(U) / 0. 

(iii) t e A 

Proof ; 

Let x £ Sp it. If U is any neighbourhood of r , then there 
exists xeA such that x(t) =1 and supp x c U. 

Suppose that R(U) = 0. Then we have, it(x) £ = 0 ¥ £ ex. 

So xe.Ij but x (x) = 1. This contradicts that x e Sp it. 

Hence R(U) ^ 0., 
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We prove (ii) => (iii). Let t ea(A) satisfy the hypothesis. 
Suppose t M • Then there exists U of t such that U fi^V = 0. 
Now if xeC and supp x c U, then (supp &) C1A = 0 and so, 
rt(x)(£) =0 ¥ £eM(a). But since, M(a.) = X, we have it(x) = 0. 
Therefore R(U) = 0, which contradicts the hypothesis. 

We prove (iii) => (i). We show that yv c Sp it by proving that 
M(Sp it) = X. Since I c Ig ¥ £eX, h(Ig) c h(I). So 
Sp (£) c Sp it. Therefore M(Sp it) = X. 

Hence the proposition. 

3« 2. 2 Corollary; 

For every neighbourhood W of Sp it, we have R(W) = X. 

Proof ; 

We prove that, ¥ £eX, xeC, 7t(x) £e R(W). 

Let xeC. Then supp x is compact and supp xcWU (Sp it) c . 

By lemma 3.1.6 there exist y 1 ,y 2 , in C, such that, 

x = y 2 +y 2 and supp cr W; .supp y 2 c: (Sp it) c . 

So, it(y 2 )§ =0. ¥ S eM(Sp it) = X. 

Therefore, it(x)£ = it Cy^ ) UR(W). Since it is non-degenerate we 
conclude that XcR(W) . 

Hence the result. 

The next proposition discusses the relation between 
spectrum of it and spectrum of each element in X. 

3.2.3 Proposition; 

Let (it,X) be a B- space representation of A. Then, 
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Sp it *» [ U Sp n" holds for any total set Y in X. 

£eY 

Proof* 

By proposition 3.1*4 [ U Sp £ ]"" is contained in Sp it . 

teY 

We prove the other inclusion. 

Let E denote the set [ U Sp t ] . Suppose that t f, E. 

g eY 

Let U be a neighbourhood of t such that U 0 E = 0 and U is compact. 
Then we prove that, R(U) = 0. 

If xeC is such that supp x c U, then x vanishes on a neighbourhood 
of E. So, £ vanishes on a neighbourhood of Sp £ V teY. 

i.e. ¥ geY, xeJ Q (Sp £). But J Q (Spg) c I^. 

Therefore, it (x) g = 0 V £eY. Since Y is total, it(x) = 0. 

Thus, R(U) = 0. 

By proposition 3.2.1 (ii) we conclude that % f. Sp ft. 

Hence the proposition 3.2.3. 

3.2.4 Remark J 

Let (it,X) be a B-space representation of A, xeA, £ eX. Then, 
we have Sp (it (x) £ ) c (supp x) fl Sp £ . 

It is evident that Sp (it(x)£)c: Sp £. 

We show that Sp (it (x) £ ) a Supp x. If t / supp x, then there 
exist an open neighbourhood U of t such that x/U = 0. 

Choose an element aeA such that a(r) =1 and supp a c U. 

Then ax = 0 and so, ael^^g, but s(t) = 1. 

Therefore x ji Sp (it(x)g). 
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3.2.5 Corollary} 

Let (tc,X) be a cyclic representation with £ being 
cyclic vector. Then we have, Sp tc = Sp £ . 

Since £ is a cyclic vector, the subspace it (A) £ is 
total in X. By the above remark, we have 

Sp t e S P £ . ¥ £. e u(A)£, 

Therefore, [ U Sp £]~ c Sp g . 

£ en (A)£ 

By proposition 3.2.3, Sp u c Sp £ c Sp re. 

Hence the corollary. 

Remark s } 

The notion of spectrum of an element in X of a represen- 
tation space of a locally compact abelian group is found, in 
Domar [ 12] . But even earlier, the spectrum of f in L°°(G) was 
studied, see for example, Beurling [2], Godement [19] . Refer 
Reiter [35, Chapter 7] for further details. Arveson [l] again 
defined the spectrum for Group representations and connected 
it with spectral subspaces associated with tc. 

When the group G is non abelian, Eymard [l5] defined 
the spectrum of an element in (A 2 (G))*, where A 2 (G) is the 
B-algebra we defined, in 1.2.3. The works of Eymard and Herz 
related to the above will be discussed in 3.4.9 
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As in the classical case, we say that a nonzero vector 
£ in X is an eigenvector for it if £ is simultaneously an 
eigenvector for all commuting family of operators % (x) ; 
x ranging in A. i.e. There exists a complex valued function 
a — a on A such that 7x(a)£ = a • as A. 

Si s 

It is trivial to check that such a function is a 
complex homomorphism on. A. It necessitates the following 
definition. 

3.2.6 Definition: 

An element co of a(A) is said to belong to the Point 
Spectrum of % if there exists a nonzero £ in X such that 
7t(a) £ = co (a) £ ¥ aeA, and is denoted by P^. 

There is one more concept called Approximate Point 
Spectrum for a bounded linear operator T aa X, X a B-space. 

We say that a complex number . a is said to be in approximate 
point spectrum if there exists a net in X such that 

|| £ . || = 1 Vi and lim || T(£ ) - a 1 . 1| = 0. 

i 1 

The following definition generalizes the above, for the 
commuting family of operators {tc (x) : xeA} . 


3.2. 7 Definition: 

An element co e a (A) is said to belong to the Approximate 
Point, Spectrum of ix if there exists a net {£^}^ e j in X such that 


£ i l| = 1 and lim|| ti (a) £ i - co(a)£ i 


0 , 


This set will be denoted by AP^. 
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3.2.8 Remarks! 

(i) Observe that c AP^. 

(ii) T he following theorem was proved by Domar and Lindahl 
[l3, Theorem 6.5]. 

Theorem * 

Let A be a regular semisimple B-algebra, (tc,X) a B- space 
representation. Then, Sp n = AP^. 

In the following theorem we summarize various characteri- 
zations we obtained earlier for Sp % in view of the above theorem. 

3.2.9 Theorem! 

Let A be a commutative regular N algebra and (n,X) 
a B-space representation. For x e a(A), the following are 
equivalent. 

(i) t e Sp 7C 

(ii) For every open neighbourhood U of t , R(U) 0. 

(iii) t eA 

(iv) x a AP^. 

(v) % a [ U Sp §]~ , where Y is any total set in X. 

teY 

(vi) For every x in A, |r(x)| <_ ||n(x)|| 

(vii) x a a(B) where B is the Banach algebra generated by 
tc(A) in L(X). 

Proof ! 

In view of propositions 3.2.1, 3.2.3 and the theorem 
cited in Remark 3.2.8, we need to show only that (iv) => (vi) 

(vii) $ (i). But (vi) => (vii) =?> (i) is trivial to prove. 
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Now, we prove (iv) =» (vi). 

Suppose teAP^. Then there exists a net { in X as 
in the definition 3.2.7. 

For xeA we have, 

|t(x) | = |K (x) 

< IK (x) s ± - T (x) ^11 + II it(x) K II 
Taking the limits we get that, 

|t(x) | < lim inf || it(x) L || 
i 

< || it(x) || as we required. 

Hence the theorem. 

Remark ; 

The above theorem was proved for the group algebras by 
A. Connes. (See Combes and Delaroche [6]). 

We list some of the corollaries of the above theorem. 
3.2.10 Corollary; 

Let A, (it,X), B be as in theorem 3.2.9. Then Sp it and 
a(B) are homeomorphic . 

By the theorem 3.2.9 any % e Sp it defines an element 
in a(B) and this correspondence is bijective. Since the Gelfacid 
topology on a(B) is the weak-* topology defined by B and hence 
by the norm dense subspace it (A) in B, and it is a bounded 
representation, we evidently see that Sp it and a(B) are homeo- 
morphic. 
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5.2.11 Corollary; 

Sp it is compact iff the identity operator 1^ belongs to B. 
It follows because a(B) is compact iff B has a unit. 

5.2.12 Corollary; 

Sp it = Sp tT, where (it - , X*j is the contragradient 
representation of (tc,X). 

It follows by (vi) of theorem 5.2.9. 

The following theorem, which is again a corollary of 
theorem 5.2.9, shall perhaps justify the terminology of 
the spectrum of a representation. 

We recall that the set (aeC; (a-T) is not invertible} 
is called as the spectrum of a bounded linear operator T on X, 
and is denoted by a (T). 

5.2.15 Theorem? 

Let (it,X) be a B-space representation of A. Then for 
every xeA, a (rc(x)) = (x(Sp n))” holds. 

Proof ; 

Let xeA. Then (x(Sp %))" co(it(x)) for, 
if go e Sp % = AP , then there exists a net {£.} c X such that 

|| g . || = 1 and lim || n(x) £. * u (x) t ± || = 0. 

i 1 

Therefore, a (x) belongs to the approximate point spectrum of ft(x) 
and hence go (x) belongs to cr (ti(x)). 


We prove the other way. 
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Case (i) : 

Assume that Sp % is compact. Therefore B (as in theorem 
3.2.9) contains the identity operator I. 

a (^(x)) c a B (Tt(x)) = (x(co)5 o>£a(B) = Sp tc} 

and hence the result. 

Case (ii) : 

Assume that Sp % is not compact. Let B^ be the B algebra 
after adjoining identity I. 

i.e., B 1 = {al+T: TeB, a eC} 

Then for any xeA c b (tc(x)) = (x(x)). By case (i) , 

cr B (n (x) ) c { x (w ) 5 a £a(B ] l ) = a(B) U . 

Therefore, if we prove that, xO^) e {x(w):weAg} we are done. 
Thus we need to prove 0 e {x(w); weAg}*". 

Suppose not, there exists £>0 such that ¥ oo e 3p n , 

|x(co) | > e. Consider the open neighbourhood, 

W = {tea(B 1 ): |t(x)-t co (x) | < e/2} at 

Then we have ¥ D a(B) = 0. But since a(B^) is the one-point 
compact if ic at ion of a(B), it contradicts the fact that a(B) is 
not compact. 


Hence the theorem. 
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Section 3.3 « 

In this section we shall give a necessary and sufficient 
condition for any complex homomorphism to belong to the point 
spectrum of % in terms of spectral subspaces associated with -a. 

As a consequence we prove that every non zero £ in X will have 
non-empty spectrum andany irreducible B- space representation 
will be 1-dimensional . 

5.3.1 Theorem? 

Let (it , X) be a B- space representation of A. Let U Q be in a(A). 
Then is in the point spectrum of tc iff M({w q }) ^ 0. Infact 
we prove that any non zero £ in X is an eigenvector for tc with 
co Q as the eigenvalue iff £ e M({g) q }). 

We need thefollowing lemma. 

3.3.2 Lemma: 

Let (tc,X) B-space representation of A. Let w be in a(a). 
Then for every neighbourhood U of u , there exist a compact 
neighbourhood K of contained in U and an element a in A 
satisfying the following: 

(i) w (a) = 1. 

(ii) supp “a c U. 

(iii) it (a) £ = £ V £ e M(K). 

Proof of the Lemma : 

Choose a closed neighbourhood K and V a open neighbourhood 
of co such that, 

coeKcVcV cU and V is compact, and an element a in A 
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such that a/V = 1 and supp a c U. (*) 

Claim : *(a) g = § ¥ £e M(K). 

For this, we prove that, (n(a)§,r}) = ( g , r) ) ¥p e X*. (i*) 

Since X* = weak-* closure of R 71 (K c ) + R 71 (V) where 
Tt is the contragradient representation of %, [Cf. 3.1.5 (v)], 
it is sufficient to prove (1*) for every r) e R 71 (K c ) and 
for every p e R 71 (V). 

Suppose that p £ R 71 (K c ). Then (£,p) = 0 by definition 
of M(K) and (tx (a) g , r>) = 0 for M(R) is invariant -under A. 

Let T) e R 77 (V) he of the form ix(b) ( p' ) for some p' a X* 
and supp % ^ V. 

Then by (*),we have ab = b. Therefore, 

(*(a)§,p) = (n(a)S, iT(t> )n * ) 

= (fc, if (ab)p 1 ) = (£, iF(b)p') = (S ,rj ) . 

Hence the claim. 

Now we give the proof of Theorem 3.3.1. 

Suppose that is in P^, and 0 /> £ is an eigenvector 

corresponding to co . Then, 

■ ^(a) £ = o> o (a)£ ¥ aeA. 

If aeA is ; such that supp a does not contain w 0 then, 

. w 0 (a) = 0 implies u(a)£ *» 0. 

Therefore, £ e M({g> 0 }). 

Now we prove the converse. 
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Suppose that ^ is a non zero vector in M({w q }). 

To prove § is an eigenvector, it is sufficient to prove that 

V aaC, n;(a)£ = to (a)£. 

Case (i); 

Suppose that cd (a) = 0. Let e>0. 

Since the set {m^} is a S-set we have, a neighbourhood U of 
and beA such that ‘b/U = 0 and ||a-b|| < e. So, w £ supp*!). 

Since, £ e M({co o }), n(b)£ = 0. Therefore, 

ll*(a)£|| = II n:(a-b) 1 1| <;_ ||x|| ||a-b|| ||£||< e 1 1 tc 1 1 || £ ||. 

Thus we have, n(a)t = 0 = w (a) £ . 

Case (ii ): 

Suppose that w o (a) jL 0. 

Let K denote the compact set supp st. Choose a beA such that 
b/K =W Q (a). Then W Q (a-b) = 0. Therefore Tt(a)^= n(b) £ by Case (i} 
Since o> Q e Int(K), there exists a neighbourhood W of w o such that 
W c K. 

By lemma 3.3.2 we get an element x in A and a compact 
neighbourhood such that 

x(w Q ) = 1 supp x c W and it (x) £ = £ V £eM(K^). 

In particular, we have n(x)£ = £ . Observe that bx = w (a)x. 
Therefore, it(a)£ = it(b)£ = it (bx) £ = o) o (a)it(x) £ = co Q (a)| 


.Hence the theorem. 
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Remark ; 

Theorem 3.3.1 is already known for L^G). Refer 
Combes and Delaroche [6, proposition 3.5]. 

5.3.3 Corollary; 

Let (tc,X) be as in theorem 3.5.1. Then for every r\ eX*, 

R eM* ({ u }) iff %(a)r, = u (a)r) ¥ aeA. 

3.3.4 Corollary; (Schur* s theorem) 

Let (tc,X) be a B-space representation of A. Then ic is 
topologically irreducible iff n is nne-dimensional . 

Proof ; 

If X = 0. Then there is nothing to prove. 

Assume that X / 0 so that Sp n £ 0. 

Let oo e Sp tx. Then by theorem 3-2.9, R(W) £ 0 
for every open neighbourhood W of « . Since R(W) is invariant 
and 7i is irreducible, we have R(W) = X. 

By proposition 3.1.5 (iii), we have M(W) = X. Hence by minimality 
of the spectrum, Sp % c W for every neighbourhood ¥ of co . 
Therefore, Sp % = {<o}. i.e. , M({co}) = X. 

But then, by the above theorem, we have, 

¥ £ eX, % (a) £ = co (a) £ . 

Thus X is 1-dimensional. 


Hence the corollary. 
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5.3.5 Corollary! 

Let £ be an element in X. Then £ = 0 iff Sp £ = 0. 

Proof! 

If £ = 0 then, Ig = A so that h(Ig) = 0 and hence Sp(£) = 0. 

Conversely, suppose that Sp £ = 0. i.e. h(Ig) = 0. 

Since A is Tauberian, we have Ig =» A i.e. n (x) £ = 0 ¥ xeA. 

On the other hand, Sp g = 0 implies £eM({u}) ¥ coea(A). 

Therefore, 0 = tt(x)§ = a (x) £ ¥ xeA and ¥ coea(A) . 

Using the semisimplicity of A, we conclude that £ = 0. 

Hence the corollary. 

3.5.6 Corollary! 

The set of all isolated points in Sp n is contained in 
the point spectrum. 

Proof : 

Let co e Sp it be isolated. Choose a neighbourhood W of Q 
such that W f) Sp n = {co}. 

Claim ! R(W)cM({ u }). (*) 

Let tc(x) £ s r(W) with supp x c. W. Suppose that there is a 
yeA s uch tliatu/ supp y. Then 

Sp (TC(y)«it(x)£ ) c (supp y) ft (supp fl Sp£ by Remark 3.2.4. 

c (supp y) D W n Sp n 

« 0 • ' , , . 

By the above corollary, n (y) . (n (x) £ ) =0, ; ,10G27i 

iv Sr* • - 1 * 82 r * "*** 

Therefore, R(W) c M({o>}). 
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But since, q£ Sp %, we have R(W) £ 0 and hence the corollary. 

3 . 5 . 7 ' Remark^ 

We end this section by giving an example so that the 
assumption in Theorem 3.3.1 that every singleton in a(A) is a 
S-set is not superfluous. 

Let A = C n [0,l]; n>l, the algebra of all complex valued 

n-times continuously differentiable functions on [0,l], with 
the following norm, 

||f|| = Sup § ¥ feA. 

0<x<l k=l k * 

Let J denote the closed ideal {feAl f(0) = f'fo) =0} 

Set X = A/J. Define its A-*L(X) by Tc(f)(g) = (fg)~; g in X. 
Fix a heX such that h(0) £ 0. We denote the complex homomorphism 
f - f(t) by a> t ¥ t £ [0 , 1 ] . 

We prove that Sp (h) = {w q }, but still h is not an 
eigen vector for 

Trivially, e Sp(K) and by taking an f in A such that 
f(0) = f (0) = 0 but f(t) 0 V t / 0, we conclude that 
i S P {&} if t / 0. Therefore Sp {h} = { U Q }. 

But if h were an eigenvector for oo 0 i.e., 

n(f) h = « (f) h ¥ feA 

(fh)~ = f(0) h 

Thus we have, fh - f(0)h £ J ¥ f 

i.e., f’(0) h(0) =0 V feA 

and so, f (0) = 0 ¥ feA which is absurd. 


Hence the result. 
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Section 3.4 ? 

This section is devoted to the study of spectrum of an 
element in X, for a B- space representation (7t,X) of A. We give 
necessary and sufficient conditions for an element % in a(A) 
to be in the spectrum of an element in X. These conditions, 
are used to specify the spectrum of an element in particular 
cases. 

The following theorem is quite useful in finding the 
spectrum of an element in X. 

3.4.1 Theorem* 

Let (it,X) be a B- space representation of A. 

Let ^ eXj p e X . Then we obtain the following. 

(i) co e Sp (£ ) iff for every neighbourhood V of w , 
there exists a yeA such that supp y c: V and it(y)£ £ 0. 

(ii) (o e Sp_ (n ) iff for every neighbourhood V of “ , 

there exists £ eX such that Sp V and (£,p) / 0. 

n 

Proof * 

(i) Let (p, Y) be sub-representation of n, with £ as cyclic 
vector. Then Sp £ equals to Sp p by Corollary 3.2.5. Therefore, 
co e Sp £ iff for every neighbourhood V of w, R^(V) £ 0(by 
Theorem 3.2.9.). i.e, there exists £ eY and yeA such that supp ycV 
and p(y) l f 0 i.e., n(y)Z / 0. 

' Since [it(A)£] is norm dense in Y, there exists xeA such 
that, n (y)«n (x) £ / 0 i.e. rc(xy)(£) ^ 0. 

Hence the assertion (i). 
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(ii) Let co ea(A) satisfy the condition given in the hypothesis. 
Assuming 00 (a) £ 0 for some asA, we prove that it(a) -q £ 0. 

Let V he a neighbourhood of co such that r(a) £ 0 ¥t eV. 

By the regularity of A, there exists a beA such that 

(ab) A = 1 on some compact neighbourhood K of 00 contained in V. 

But by the proof of lemma 3.3.2, we infer that 

to (ab) £ = £ ¥ £e M(K) 

Now we invoke the condition given in the hypothesis to get a 

£ eX such that Sp £ c K, so that £ eM(K) and (£,p ) f 0. 

Therefore by the above (it (ab )£ , p) ^ 0. Thus K(a)r) / 0 as we 

required. Hence «e Sp__ (p). 

% 

Now we prove the converse. Suppose that w does not 
satisfy the condition. Then there exists a neighbourhood V 
of co such that for every §eX such that SpS c V implies (§,r)) = 0 
Let aeA be such that ai(a) =1 and supp a c V. 

¥ £ eX, Sp (rc(a)£) c V and so, 

( t , 11 (a) (r) ) ) = ( 71 (a) l ,r) ) 

» 0 ¥ £ eX since Sp (it(a)£) c V ¥ § eX. 

Therefore, rc(a)Ti = 0 but co (a) = 1. Thusco^ Sp_ (r) ) . 

% 


Hence the theorem. 
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In what follows we shall discuss some specific examples, 
(l) The regular representation (A, A). 

5.^2 = 

The following assertions hold for (\A). 

(i) A is non-degenerate. 

(ii) Sp\ = A(A). 

(iii) Sp^(a) = supp a for every aeA. 

Proof ) 

Since A is regular and Tauberian, (i) follows. 

(ii) is evident because A is semisimple . 

We prove (iii). Let we Spx (a). 

If we apply the above theorem to A f we see that 
u £ Sp^ (a) iff for every neighbourhood V of w there exists 

A 

be A such that supp b e V and ab £ 0 5 

iff for every neighbourhood V of w 
VD {tca(A)) a(x) ^ 0} jL (jb by regularity ? 

iff w e supp a. 

For every closed set E c a(A) , we have, 

(i) , M X (E) = {xeA: x(t) =0?t/E}, 

(ii) If M({w}) jL o then M^({w}) is 3. 1-dimensional sub space. 

(iii) M^({^}) jL 0 iff w is isolated in a(A). 

Proof) 


Using the above result and Proposition 3,1.4, we see that 
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M^(E) = {xeAl supp x c E} 

= {xeA: x(t) =0 ¥ t ft E} , 

Hence the assertion (i). 

(ii) By (i) and by semi simplicity of A, there exists an 
element a, sA such that / a,X'c) = 1 if t = <o 

= 0 if T X w 

It is easy to check that M ( {o> } ) is spanned by a^. 

(ii) yields (iii). 

(2) The Contragradient Representation of (A, A): 

Propositions 

As usual (X, A ) denotes the contragradient representation 
of (A, A). Let feA* and E f = { X‘(a)f: asA} . Then the following 
are equivalent. 

(i) co e s P (f) 

X 

(ii) For every neighbourhood V of u there exists a in A 

such that supp a c V and f (a) 0. 

(iii) co belongs to the weak-* closure of E^. 

Proof s 

By theorem 3.A.1, (i) and (ii) are equivalent. 

' We prove (i) and (iii) are equivalent. Suppose that 
co e Sp^_ (f). Let xeA be such that g(x) =0 ¥ geE f . 

Then f(ax) =0 ¥ ae A and so X (x) f = 0. Therefore co (x) = 0. 

Apply Hahn-Banach theorem to conclude that w belongs to the 


weak -* closure of E f 
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By retracing the steps we see that converse also holds. 

3.4.5 Corollary: 

For every coea(A)j Sp_ co = {co}, 

X 

Applying (iii) of the above proposition we get the 

result. 

3. A. 6 Proposition: 

For every co.ea(A), M ({co}) equals the one- dimensional 
subspace spanned by co in A*. 

Proof : 

By theorem 3.3.1, any f in A*, will belong to {co} 
iff X" (a)f = w (a)f -V aeA (l) 

Hence m"^ {co} contains w . If f e M. {co}, using (l) we can 
easily see that Ker co c Ker f and therefore, f = f (a) cohere tO (a) =0 

Hence the proposition. 

3.4.7 Corollary: 

Let (rc,Y) be a sub-representation of X. Suppose that 
Y is a nontrivial weak -* closed subspace. Then the following are 
true. 

(i) Sp % m a(A) n Y. 

(ii) If a(A) D Y is a finite set, then Y is finite dimensional. 

Proof : 

(i) < Let feY and E f be as defined in proposition 3.4.4. 

Since Y is weak-* closed, E f is contained in Y. Thus Sp^Cf) c a(A) fl 1 

But V co e a(A) n Y, Sp co = {co } . Therefore, Sp it ^ a(A) (1 Y 

by theorem 3.2.9 (iv) . Hence Sp 71 = a(A) fl Y. 
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(ii) Now we prove that Y is spanned by Sp % . 

Let Sp it = Choose x-^.-.x^ in C such that 


“ (x.) = 6. .. 
i J 10 


n 


Let feY. Then we claim that f = E f(x. ) w • . 

i=l 1 


n 


If h = f - E f (x. ) w . , then we prove h = 0 by showing that 
i=l 1 1 


^ h » 0. 


Since, heY, Sp^ h 


Consider 7t(x k ) f. 


Sp ("rc (x v )f ) c (supp x v ) fl Sp^ (f) 


(V. 


k J 

therefore, by Proposition 3. A. 6, n (x^) f = f(x^) ^ k 

n 


n(x k ) h = Tt(x k ) f - f(x ± ) 


- f(x k)“k 


n 


^ f(x ± ) ^(x k )0> i 


( 1 ) 


= 0 


But ^ k (x k ) = 1* Therefore, w k £ Sp^h ¥ k, l<k<n 

In view of (l) we conclude that, Sp^h = 0. 

Hence the corollary. 


The following proposition gives a characterization for a 
multiplier of, A in terms of spectral subspaces associated with 
regular representation. 
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5.4.8 Proposition; 

A bounded linear operator T- on A is a multiplier if and 
only if T(M (E) ) c: M (E) for every closed set E in a(A) . 

Proof ; 

The 'only if ' part can be easily seen by applying 
definitions . 

We prove the 'if' part. Let T satisfy the hypothesis. 

Then the adjoint T* of T also satisfies 

T*(M*(E)) c mF (E) ¥ closed set E in a(A) . 

In particular T*(M^ {©}) c ({©}) ¥ © in a(A) . 

By proposition 5.4.6, T*{©} = a© , for some aeC. 

Thus there exists a function <p : a(A) - C such that 

T*(©) = cp (©)© ¥ ©ea(A). 

We claim that (T(x)) A = <p.x for every xeA. 

Let xeA then we have 4(x) (m) = £(©) © and 

r(T(x))(») = (x, T*(©) ) © 

Therefore, (T(x)) A (©)-© = ^"(T(x))(©). 

= cp (© ) x(©).© 

Thus, (T(x)) A = <p.x 

Hence T is a multiplier with ^ = <p . (Cf . Larsen: [ 50, Corollary 1.2.1]). 

5 . 4.9 Remarks ; 

(i) Let us recall the Eymard algebra A 2 (G) , discussed in 1.2.5» 
is a regular N algebra and its maximal ideal space is identified 
with G. The dual of A 2 (G) is the Von-Neumann algebra PM 2 (G) of G. 
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Observe that for any g e A (G) we have Sp g = supp g = supp g. 

• A 

Let T be an element of PM^CG). Then the support of T defined 
by Eymard [15] is precisely what we call the spectrum of T, 
with respect to the contragradient representation of regular 
representation of A^(G) . Proposition 3.4.4 is proved by Eymard [15, 
Proposition 4.4] in this/particular context. Refer Herz [27, 
Section 8] for the same kind of discussion as above for A (G) . 

ir 

(ii) Let G be a locally compact abelian group. Let (4 L P (G)) 

Jr 

be the usual left regular representation of L^(G) on L P (G) l<p<°° . 
Then the following are true , 

(a) Sp Ap = f where V denotes the dual group of G. 

(b) If g e L 1 fl L P (G), then Sp^ (g) = supp g. 

P 

(a) follows because X is faithful. 

]? 

It can be easily seen by using propositions 3.4.1 and 

3.4,2. 

Section 3.5 * 

In this section, we decompose a B- space representation 
(tc,X) of A in terms of the minimal spectral subspaces if the 
spectrum of tc is discrete and discuss some of its consequences. 
Finally, we end this section by discussing the relation between 
the spectrum of (tc,X) and the spectrum of its non-standard hull. 

3. 3.1 Proposition: 

.Let (tc,X) be a B- space representation of A. Let w be an 
isolated point in Sp tc. Then there exists a projection P on X 
with range such that P commutes with tc (x) for every xeA. 

Actually P belongs to the algebra generated by A and the identity 
operator I on X. . 



Before getting into the proof let us observe the following 
remarks’. 

(1) Suppose that A has a unit. Then A/Ker it is a commutative 
B-algebra with unit whose maximal ideal space is h(Ker tc) which 
in turn is Sp it by definition. Observe that Sp it is compact. 

By applying Shilov’s Idempotent theorem (Refer Bonsai and 

Duncan [4, Chapter 21, Theorem 5]), we can choose an element 

a ^ 

b in A/I such that b = X and b is idempotent. (Here 

I denotes the ideal Ker it). Thus, there exists a bsA such that 

\ 

b/Sp -re = X {u} an ^ J Tc(b) is a projection on X. 

(2) The representation (n,X) of A induces a B- space 
representation (ix°,X) of A g (Refer 1.2.1 for the definition 
of A ) defined as the following? 

it°((x,a)) = it (x) + al, aeC xeA. 

We remark that Sp tc = Sp it 0 fl a(A) . (Refer Domar and LindahlCl^l). 

Now we prove the proposition. 

Let A g , (tc°,X) be as in Remark (2). Then w is isolated in 
Sp it° also. By Remark (l) there exists a beA^ such that, 
it°(b) is a projection and b/Sp it° * X^j. 

If we denote n°(b) by P then the following claim will 
complete the proof. 

Clai m; M*({oo}) = P(X). 

o 

, Let us first prove that, M 71 { w } = M 71 { w }. 

o 

By the definition, M 71 {u} c M 1 ^}. 
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Now on the other hand if £ belongs to then 

by theorem 3.3.1. We have, % (x) £ = u> (x) £ ¥ xsA. 

Therefore 7c°((x,a))£ = tc(x)£ + a £ = co (x)§ + a ^ = o,)((x,a))£ • 

Therefore, £ is an eigenvector for tc° associated with eigenvalue 

o 

Therefore, £ e M 71 {co}. 

We prove the claim. Let £ eX. Then 

Sp 0 (P(§)) = Sp (n°(b) £ ) c (supp^b) D Sp (£) 

TC 7t TC 

by Remark 3.2.4. 

c (supp b) fl Sp (it°) 

'£ {w}. 

Therefore, P(§) e M 71 ({go}) = M n ({w}). 

Conversely if § e M^co}) , then 7t 0 (b) £ = w (b)£ 

i.e. P(§) = £ . Therefore M 71 ^}) c P(X). 

Hence the claim. 

Remarks ; 

(1) This proposition for the group algebra L^(G) is stated 
in Wolff [42]. 

(2) This proof is essentially due to Domar and Lindahl 
which is used in proving theorem 6.5.9 of [13]. 

3.5.2 Theorem: 

Let (tc,X) be a B- space representation of A. Suppose that 
the spfectrum of u is discrete. Then the following assertions 
are true. 

(i) For every w in the spectrum of n , there exists a projection 
P^ in the closed algebra generated by 71 (A) and the identity in L(X), 
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(a) P w commutes with it and the range of P w is M({co}). 

(b) If we set, it w (x) = P w oit (x)e>P w ¥ xeA, then ic w 

defines a sub- representation of n on M ({“}). 

(ii) it is the direct sum of the sub- representations it where w 

ranges over Sp it. i.e. it = 2® it and X = Z® M^Qco}). 

U»6Sj* M UWSSfT ; 

Proof l 


(i) follows from the above proposition. 


Now we prove (ii) . 

Claim: X = (z a M({u})“ 
tJ eSprc 

For every to e Sp it there exists V w a neighbourhood of co 
such that V w n Sp u = ({co}). By (*) of corollary 3.3.6, 

0 / R(V W ) c M({co}). 


Now it is easy to see that if co , t are in Sp it such that 
to then M({co} ) nM({x}) = 0. 

Let V = U V w , then V is a open neighbourhood of Sp it. 
to e Spit 


We have, 


(Z® M({co} ) c X = R(V) by 3.2.2. 
c¥ eSpit 


» R( u v w ) 

co eSpit 

= ( 2 ROfo))" 

co e Spit 

= ( Z 0 
co eSpit 

This claim proves (ii). 


Hence the theorem. 
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3.3.3 Corollary} 

Let (n f X) be a representation of A such that Sp n Is 
discrete. An operator T e L(X) commutes with rc iff, 

T(M(E)) c M(E) for every closed subset E of A(A) . 

If T commutes with n then it trivially satisfies the condition. 

On the other hand let T satisfy the condition. Then, 
in particular, T(M({g>}) c. M({q}) ¥ u> e Sp 7t, and so, 

7t(x)<iT = T«ix(x) on M({w}) 

for, contains only eigenvectors associated with u . 

Using the above theorem we conclude that T commutes with %. 

3.3.4 Corollary} 

Suppose that a(A) is discrete. If and are any two 
representations defined on X. Then, 

*1 = ^2 iff 

M 1 (E) = M ^(E) ¥ closed subset E of a(A) . 

Proof } 

It is clear by the above corollary. 

Remark} 

Arveson [l] proved the above corollary for L X (G)} G being 
any locally compact abelian group not necessarily compact. It 
is discussed in Combes and Delaroche [6]. 

3.3.3 Corollary* 

Assume that a(A) is discrete. Then A can be written as 
topological direct sum of minimal ideals. In other words 
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Socle of A exists and. it equals A. 

(For the definition of Socle refer Rickart [36], Chapter II; l). 

By applying the above theorem for ^ , the regular 
representation, we observe that ¥ to there exists a u e A such 
that a w is idempotent and ba w » u (b)au and using 3.^.3, 
we see that ({to}) = Aa w , the minimal ideal containing Sq. 

In the remainder of the section we discuss the relation 
between spectrum of (tc , X) and the spectrum of its non-standard 
hull. 

3.5.8 Th eo r em * 

Let (tc,X) be a B-space representation of A and (tc,X) be 
non-degenerate non-standard hull of (ix,X) defined in 2.3.1. 

Then Sp tc = Sp tc = P^. 

ft 

(Refer 3.2.6 for the definition of P^) . 

tc 

Proof : 

We claim that Sp n c P^. 

TC 

By theorem 3.2.9, Sp tc = AP . 

Tv 

Let to e Sp it, then there exists a net {£-j_}j_ e j in X such that 
(J £ || = 1 ¥ iel and 

lim || ii(a) S - to (a) § . || « 0 ¥ aeA (l) 

i 1 

We proceed as we did in proposition 2.2.2. 

By transfer principle there exists a net {£j_} ie *x in * x 
with P.|| = 1 ¥ ie*I, and thus ^eX ¥ i. 
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By concurrence theorem there exists a k such that k > i V iel. 

Let aeA and e>0. There exists i such that, 

/= (V iel)((i>i 0 ) *» || n(a)6 ± - u(a) 6 ± || < e) by(l). 

By transfer principle, 

* *= (Vie *1) ( (i>i Q ) => || *n(a) - «(a) S ± || < e). 

Since * 7 i(a) ^ = it (a) ^ and k > i V iel, implies that 

||^x( a )§k — (a.)§kli ^ £ ^ £>0 and ^ a£ ^- 
Thus, || ii(a) - o) (a) « 0. Therefore, 

|| 7t(a) i k - w (a)S k || » 0, V aeA. 

Since u(a) =w(a)l k , 5 k eX and therefore, 
n(a)£. = o) (a) $ . . Hence « e P^. 

K K it 

On the other hand, if go / Sp it then there exists an 
element x in A such that ix(x) =0 but w (x) / 0. 

Since 7 t(x) = 0, wehaveu(x) = 0. Therefore^ ft Sp n . 

This proves the Sp it c Sp it. 

Thus, Sp it c Sp it c P_. But we know that P^ c_ Sp m. 

~ % 71 

Hence the theorem. 

Remark • 

, For the group algebra the above theorem was proved by 
Wolff [42]. Finally, we remark that in Wolff [4l] and Greiner and 
Groh [22] a lot of problems in connection with spectral subspaces 
of Banach lattice representations of locally compact abelian 
groups are considered. 



CHAPTER 4 


APPLICATIONS 

The main purpose of this chapter is to give various 
applications of the theory we developed in Chapter 3* 

If (it,X) is a B- space representation of a commutative 
regular N algebra (see 1.2.3 for the definition), then in 
Section 4.1 we shall give sufficient conditions for L (X) to 
be identified with L_ ($ in terms of spectrum of % and 
spectral subspaces associated with n . As a corollary we 
prove that if the maximal ideal space a(A) is discrete, then 
L (A*) is identified with the algebra of multipliers of A. 

We also prove the converse of the above corollary when A is 
further assumed to be M- regular for some M > 0. We discuss 
the above results for concrete examples. In Section 4.2 we prove 
that any norm closed A- invariant sub space of A*, where A i s a 
commutative M- regular N algebra, is reflexive if and only if 
it is finite dimensional. 

Section 4.1 : 

We need the following fact in elementary Banach space 
theory. Since we could not find a proof in the literature, we 
have included a proof, here. 

4.1.1 Lemma : 

Let X be a B-space. Let T be a bounded linear operator 
on X*. Then T is weak * -weak * continuous if and only if T 
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satisfies the following. 

If for every net in X* such that HfJI < r for 

some r > 0 and {f^} converges to 0 in weak -* topology then 
{T(f^)} converges to 0 in weak-* topology. 

Proof l 

We define a locally convex topology on X*, coarser than 
the weak-* topology, as follows. 

Let U he a set in X* containing 0. We say that 
U is an open neighbourhood around zero iff for every M > 0 
U 0 B m ( 0) is open in the weak-* topology, where B^(0) denotes 
the set {feX! ||f|| < M} . 

The following result is found in Dunford and 
Schwartz [l4, V. 5.6]. 

If 0 is a linear functional on X*, then 0 is continuous 
in the above topology iff 0 is continuous in the weak-* topology . 

Now we prove the lemma. Let T e L(X ) satisfy the 
hypothesis. To prove T is weak* - weak * continuous, we need to 
prove that for every xeX, 01 f - (x,T(f)) is a weak-* continuous 

-rC 

linear functional, i.e. we need to prove that 0 is continuous 

A 

in th^ above topology which is of course, true by the hypothesis. 
This proves the lemma. 

, Let A be a B-algebra. (tc,X) be a B-space representation. 
Let T e L_(X) i.e., T e L(X) and, T.it(a) = 7t(a). T,' V aeA. 

it 

Then, T*: A*- A* is easily seen to satisfy 
T* - it (a) = it (a) « T* -V aeA. 
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Thus, there exists an isometric isomorphism from L^X) into 

L_(X*) through the usual transpose map. The following theorem 
if 

gives sufficient conditions for the above map to be surjective. 
4.1.2 Theorem: 

Let A be a commutative regular N algebra and let (n,X) 
be a non-degenerate B- space representation of A. Assume that 

(i) Sp tc is discrete. 

(,ii) V u e Sp tc, the dimension of M Tl ({u}) is at most 1. 

Then L_(X*j ~ L (X). In fact, we prove that any operator 

Jl 

* 71 

on X commuting with the action of A can be realized as the 
transpose of an operator on X commuting with the action of A. 
(For the definition of Sp ti, M n (E), refer Section 3.1). 

Proof : 

Since Sp it is discrete, we invoke theorem 3.5.2 to 
© 

decompose it as I tc . We have, 

to e Sp tc. ^ 

X » I® M 7 " ({co} ) and X* « 2® M^co}). 

to e Sp tc to e Sp n 

Moreover, for every to, we have a projection P w on X 
such that 0 £ M % ({(a}) . P w (x), and P w »rc(a) = 7t(a)° Efo . 

By (ii) M^Cfto}) is 1-dimensional subspace ¥ to e sp u. Fix a 
0 in M^Cfto}) such that M^Cfco}) is spanned by . 

Chaim H 

M 7l ({to}) = {ti e X*: (^,ti) jL 0} and therefore M^CIco}) is 


also 1-dimensional. 
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For, if t) e M 71 ({«} ) and rj ^ 0 then Sp_ (r)) = {go}. 

% 

If V is a open neighbourhood of go such that V f] Sp 7t = { 00 } , 
then by theorem 3.^-. l there exists a £ jL 0 such that Sp £ c. V 
and (£ »h) 7 ^ 0. 

But Sp§ c Sp %. So, Sp £ c {go} , but ^ / 0. 

Therefore, Sp £ = {co}. By the above, £ = a£ w for some aeC. 

Thus ( ^ ,"n ) 0. Similarly we can prove the other way. 

Fix a "H e M 77 ( {go } ) such that ( ) = 1. ^hen 

M 71 ({go}) is the 1-dimensional space spanned by . 

For, if p e M n ({co}) then observe that Sp ( r )-(^ J , T )) r l (l) ) = 0 
so that Tj = (£ T) )p . Thus the claim 1. 

w CO 

If T e L_ (X*), then T (M 71 ( {go } )) £ ({go}) ¥ go e Sp n, 

71 

by the definition of the spectral subspaces. 

Therefore, there exists a function T on Sp n such that, 

T(rj ) = $(“)t u 

60 

For each w e X* we define p on Sp 7t by r) ( u ) = (^,7)). 

Claim 2 : 

For every T e L_ (X*), To P u * = « T ¥ we Sp it. 

71 

For, let C^, = {S e L(X*)j S«T = T*S}. Then, C^, is closed 
with respect to the strong operator topology. Identity operator 
is easily seen to be in C T . Since T e L_ (X*), 7r(a) e C T ¥ aeA. 

71 

Using theorem 3.5.2 we observe that P* is in the norm closure 
of the algebra generated by it (A) and I. 

Hence Pj e C T . This proves the claim 2. 
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Claim 5 * 

For every p e X* and T e L_(X*) , we have the following. 

% 

(i) p m (t)) = n (w) 

(ii) (T(p)) A (m) = (u) T(w). 

Let t e X. Then 6 = P (S) + (l-P ) £ . 

(*) G) 

There exists a complex number a such that P u £ = a 

(i -\) - p ; = « 

Therefore, 

(£, p* (t)) = (p w ( 0, t) - <*.V<£ u ,ti) - ( £ .^) £)(<■>) 

Hence Pj (n ) - r\ (<o) p u 

(ii) ( t ( rj ) ) A (<■>) = (£ u , T(rj)) = (P u (^ w ), T(n)) 

- (6 U . P>T(p)) - G u , ToP* (tj)) 

= rj(w)(£ w , Tfa^)) « T)(o))(fe w , T(u)t) gj ) 

= T(«) $(*>). 

Hence the claim 3. 

We have thus shown that for every T e L_(X ) and p e X 

A * 

there exist mappings T and p on Sp tc such that, 

(T(p ) ) = T p on Sp it. 

To complete the proof of the theorem, it is sufficient to 
show that the transpose map from L (X) into L__ (X ) is surjective, 

J v “T 

IX 

i.e. we need to prove that any T e L__(X*) is weak*- weak* conti- 

IX 

nuous. We use the lemma 4.1.1 to accomplish this. 
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Let T e L_(X*). Let {p..} c X* be a net such that 
tz 1 

||r)J| < M ¥ i and (r)^} converges to 0 in the -weak-* 
topology. 

Claim 4 : 

The net {T(r|^)} converges to 0 in the weak-* -topology. 

Observe that every w e Sp n , (£ Q ,r) i ) -* 0 i.e. 'rj i (w) - 0. 

and therefore, (S w ,T(r) )) = T(w) - 0. 

n 

Thus, if 5 is of the form Z a. §u> . where 

i=l 1 1 

where w i e Sp n, a i e d; then (£ , TOr)^)) - 0. 

Since X = 2^ M 71 ( {w} ) , we have, for any £ e X there 

ue Spu 

exists a net {£^} which are finite linear sums as above 

such that ? . - £ in norm. Then, 

J 

Ife, KV)I < K? d > TCt] i )) | + || -5 1| || T(n 1 )|| 

< l(?j, Kn i ))l + II -S II II T|| M. 

Therefore, by taking the limits, we see that 

lim |(§, T(n ))| = 0. 

i 

This proves the claim 4. 

Hence the theorem. 

4.1,3 Corollaryi 

Let A be a commutative regular N algebra. Suppose that 

the maximum ideal space a(A) is discrete. Then, L_ (A* ) is 

\ 

identified with the multipliers of A, by the usual transpose map. 



73 


Using 3.4.3 (ii), we see that the regular representation 
satisfies the hypothesis of the theorem. 

Remark H 

Recall that, for regular representation A , and for 

*x 

every co e a(A), M ({co}) is 1-dimensional subspace spanned 
by co (Cf. Corollary 3.4.5). Therefore for any A, for which 
a(A) is not necessarily discrete, and for any T £ L (A*) 

A 7L 

we can always define T: a.(A) -* C by T(to) = T(u) u for^ 

T(M^ ({co})) c ({co}) as in the proof of the above theorem. 

Let us recall a well known result in the multiplier 
theory of semisimple commutative Banach algebras. The multi- 
plier algebra M(A) is linearly isomorphic with space of all 
continuous bounded functionscp on a(A) such that <p*A c A. The 
function associated with any T e M(A) is usually denoted by 
T and it satisfies T*({u}) = T(co) co (Refer for example Larsen [30]). 

This prompted us to use the same notation for any T in L_ (X ) 

* 71 

in the above theorem and in particular any T in L (A ). 

X 

Remark 2} 

It is well known that the above Corollary 4.1.3 and its 
converse are true for L 1 (G)s G a lea group. Taking the clue from 
this algebra, we prove that the converse is also true under some 
additional hypothesis on A which of course, the group algebra 
enjoys. 
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4.1.4 Theorem: 

Let A be a commutative M— regular N algebra for some 

M>0. Suppose that , the usual transpose map taking the 

multiplier algebra M(A) into L_ (A*) is surjective. 

X 

Then the maximal ideal space a(A) is discrete. 

For proving the theorem, we need the following lemma. 


4.1.5. Lemma: 

Let o£a(A) be fixed. Then there exists a net {a ± } in A 
satisfying the following: 

(i) |l a ± |l < M and m(a i ) «* 1 Vi 

(ii) For every aeA, lim ||aa. - co(a) a. || = 0, 

i 1 

Notice that AP « Sp X = a(A) where AP X denotes the 
approximate point spectrum of \ (Refer 3.2.7 and the theorem 3.2.9) 
Therefore, for any uea(A) we do get a net satisfying (ii), 
but we need to show that co(a^) =1, for which we provide 
a separate proof. 

Proof : 

Let {IL} denote the neighbourhood system at w . Using the 
M-regurarity , choose a^ in A satisfying (i) of the lemma 
and such that support of a^cU^, Now we verify that this net 
{a^} satisfies the condition ( ii) . 

, Let aeA and e>0. 

Case(i) : u (a) =0. 

Since is a S—set there exists a compact neighbourhood 
U of w and beA such that b/U = 0 and ||a-b|| < e/M. 

Thus a^b = 0 for large i and so (ii) obtains. 
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Case (ii) : 'to (a) £ 0. 

Let the supp a be compact. Denote this by K. 

Let b e A be such that b/K = o> (a). If x = a-b then co (x) = 0 
and so there exists a neighbourhood U of u and ysA 
such that ||x— y || < e/M and y/U = 0. 

If i is so large that L c U fl K, then we have 
ya^ = 0 and ba^ = w (a)a^. . Therefore, 

||aa i - w (a)a j .|| = Haa^- ba ± - ya i || = || (a-b) a ± - ya ± || < e 
Hence the lemma. 

Since A is Tauber ian, (ii) is true for any be A. 

4.1,6 Lemma: 

Let A be a commutative M-regular N algebra for some M>0. 
Let to be in a(A) . Then there exists an element F in A** such that 

(i) ■ (to,F) = 1. 

(ii) For every feA* , aeA, (*Ma)f,F) = u(a)(f,F). 

Proof : 

Choose a net {a^} satisfying the conditions given in 
the previous lemma. By Banach- Al aoglu* s theorem, there exists 
a subnet of {a^}, which we again denote by {a^} and an element 
Fin A such that {a^} converges to F in A with respect to 
the weak-* topology. (Here a^ is considered to be an element 
in A ' ) . 

Therefore, V feA*, lim (f,a.) = (f, F) . 

i 1 

In particular, ( W ,F) = lim (w,a.) = 

i 1 


1 . 
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For every feA*, aeA, we have 

(^(a)f,F) = lim(x(a)f t a , ) = lim(a. , A(a)f) 
i 1 i 

= lim(aa. ,f) = lim (u(a)a £) 

i 1 i 1 

by (ii) of the above lemma. 

= oo(a)(f,F), as we required. 

Hence the lemma. 

Now we prove the theorems 

Suppose L_(A*) ~ M(A), fo conclude that a(A) is discrete, 
n 

we prove that is a continuous function on a(A) for every co , 

in a(A) . Actually we are going to show that there exists a 

A 

T e M(A) such that T = " X jco J • 

By hypothesis, it is enough to show that there exists 
a T e L_ (A*) such that T where T is defined in Remark (i) 

after the corollary 4.1.3. 

Let FeA** be as in Lemma 4.1.6. 

Define TsA* - A* by T(f) = (f,F)co . Then T is easily seen to be 

a bounded linear operator oru A* . T belongs to L (A*) also. 

K 

For, 

if aeA, feA*, then, 

T(x(a)f) a (X(a)f , F) w = co (a) (f ,F) co . 
and, r(a)(T(f)) » T( a ) ( (f , F) co ) = (f,F) ^(a)(co) 

= (f , F) co (a) co . 
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Let us now calculate T. 

It is defined by T(x) = T(x) x ¥ x eA(A). 

Let aeA, x ea(A) . Then 

T(x) x(a) = ( a , T (x ) ) = F(x) to (a) 

If x / to , choose an element aeA such that x(a) = 1 and to (a) = 0 
then, T (x) = 0. 

If x = to then, T(to)to(a) = F(to)to(a) = w (a). 

A 

Therefore, T(co) = l. 

A 

Thus, T = X as we promised to prove. 

This completes the proof of the theorem. 

The following is an interesting corollary of Lemma 4.1.6. 
4.1.7 Corollary? 

Let A be as in the lemma 4.1.6. Then for every u in a(A) , 
there exists F y in A such that ^/a(A) = 

Proof ? 

Let us denote the F we got in the lemma 4.1.6 by F^ . 

Then by (ii) of the lemma, we have, 

V x ea(A) ; V aeA, we have, 

(Ma) x,F w ) = to (a) (x ,F u ) 
i.e., x(a)(x,F) = to (a) (x , ) . 

This proves the corollary. 

Remark ? 


The following theorem summarizes what we have proved so far. 
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4.1.8 theorem? 

Let A be a commutative M- regular N algebra for some M > 0. 
Then the maximal ideal space is discrete if and only if the 
algebra of all operators in L(A* ) commuting with 7(A) can be 
identified with the algebra of multipliers through The transpose 
map. 

In Chapter 5, we shall give some more sufficient condi- 
tions for the algebras of above kind to have discrete maximal 
ideal space. 

Section 4.2 ? 

Let A be a B-algebra. We say a subspace X in A* is 
invariant if .for every aeA, A~(a)X c X, holds. 

4.2.1 Theorem? 

Let A be a commutative M-regular N algebra for some 
M>0, Suppose that X is a norm closed invariant subspace of A*. 
Then X is reflexive if and only if X is finite dimensional. 

For proving the theorem, we need the following Lemma. 

4.2.2 Lemma? 

Let J be a set contained in a(A). Then J is relatively 
weakly .compact as a subset of A* if and only if J is finite. 

Proof ? 

, Let J c a(A) and let K denote the weak closure of J in A*. 
Assuming that K is weakly compact, we prove that J is a finite set. 
Observe that K is actually contained in a(A). 
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Suppose that J is not a finite set. 

Then there exists a sequence {^ n } i* 1 ^ which are distinct. 
Since K is weakly compact, by Eberlein-Smulian Theorem (Cf. 
Dunford and Schwartz [l4, V.6.l]), there exists a subsequence of 
which we again denote by {x n }, and a % in K such that 

converges to x weakly. 

Observe that K is weak-* compact also. Therefore it is 
a compact subset of a(A) , in the Gelfand topology. By the 
regularity of A there exists an element aeA such that 'a/K = 1. 

In particular, a(r) = 1, since x eK and therefore x ^ 0. 

We know that for every q ea(A) , there exists F e A 
such that F /a(A) = by Corollary 4.1.7. 

Since no x n is equal to %, we have (r n ,F ) = ^ n. 

But (t,F ) « 1. This contradicts the fact that r n converges 

to x weakly. 

Hence the Lemma. 

We now prove the theorem. 

* 

Let X be a reflexive invariant sub space of A , which is 
norm closed. Let S denote the unit ball of X. Then S is weakly 
compact, since X is reflexive. Therefore on S weak and weak-* 
topologies coincide. Thus S is weak—* closed in A . By Krein 
Smulian theorem (Cf. Dunford and Schwartz [l4, V.5.7]), X is a 
weak-*_ closed subspace. 

Since X is invariant, denote the sub- representation of X 


restricted to X by P . 
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By Corollary 3.4.7, a(A) n X is non-empty. Since a(a) fl X is 
a weak-* closed subset of S, it is weakly compact also, because 
on S, both the topologies coincide. Therefore by the above 
lemma a(A) fl X is a finite set. 

Again by the Corollary 3.4.7 (ii), X is finite dimensional. 

Hence the theorem. 

Remarks: 

(1) The above result was proved by Glicksberg [ 18] for the 
group algebra of a locally compact abelian or a compact non- 
abelian group. 

(2) E.E. Granirer [2l] proved the above result for Ap(G), 
l<p<°° where G is an amenable group. But recall that A (G) 
where G is any locally compact group^ not necessarily amenable, 
are 1-regular N algebras (cf. 1.2.3). T hus our result includes 
the contributions of Glicksberg and Granirer. 

-*• 



CHAPTER 5 


INTROVERTED SUBSPACES AND THEIR DUALS 

It is well known that A , the bidual of a Banach algebra 
A is again a Banach algebra with any of the Arens Products. 
Moreover, Arens product extends the multiplication defined 
on A. But A** is too large to retain some of the basic proper- 
ties A already enjoys. For example, even for such good 
algebras as L^(G), G an infinite locally compact abelian group, 
(L^(G)) is neither commutative nor semisimple. And this 
motivates us to consider certain quotient algebras of A** which 
contain A isomorphically. In otherwords, these are the algebras 
which extend the multiplication defined on A. These algebras 
are, actually, duals of certain A- in variant subspaces of A*, 
which are known as introverted subspaces. Specific examples 
of introverted subspaces were studied by various authors (we 
will be discussing these examples in Sec. 5.l) and A.T. Lau [ 32 ] 
studied them for a particular B-algebra namely A^CG). The aim 
of this chapter is to present a unified approach to the study 
of introverted subspaces on an arbitrary B-algebra. . We shall 
discuss some of the applications of these studies. 

, In Section 5.1, we fix-up some notations, define intro- 
verted subspaces, discuss its connection with quotient algebras 
of A , and give some examples. In Sec. 5.2 we study the 
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commutative Banach algebras. In this special case, we shall 
give some more examples. Starting with a commutative B- algebra 
A, it is quite interesting to know how far the commutativity 
of A can be extended to these quotient algebras. We give a 
definite solution to this problem generalizing the result 
obtained by A.T. Lau [32] for A 2 (G) in theorem 5.2.7. 

In Sec. 5.3, we take up the case of a Banach algebra, 
not necessarily commutative, but having bounded approximate 
identity. If B=X* is a quotient algebra, for any introverted 
subspace X, then, we imbed the algebra of left multipliers 
M^(A) in B and give a criterion for any F in B to arise from 
M^(A) , and discuss its connection with an earlier result of 
Birtel [ 3 ]. Lastly, we give a functional characterization for 
the algebra of A-commuting operators on X. The final section 
of this chapter is for applications. In Theorem 5.4.3 we prove 
that, for a commutative M-regular N algebra A with a(A) containing 
no isolated points, every weakly compact multiplier Is zero. 

Theorem 5.4.4 gives several characterizations for A of above kind 
to have discrete maximal ideal space. 

Section 5.1 * 

Let us recall that the Banach algebra A is always assumed 
to be right faithful, (Cf. 1.2.1). Arbitrary elements of A; A* ; A** 
will usually be denoted by a,b,c ,x,y , . . . ; f,g,...; and E, F,G, . . , 
respectively. 
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Let i denote the usual canonical imbedding from A into 
A . We often fail to write the map i explicitly i.e., A will 

rather be considered as a subspace of A**. 

3.1.1 Definition: 

For F,G e A** , feA*, a,b e A, we define, 

(i) fa in A* by (b,fa) = (ab,f) 

(ii) Gf in A* by (a,Gf) = (fa,G) 

(iii) F.G in A** by (f , F.G) = (Gf, F) . 

Remarks : 

(1) Note that fa = A(a)f, where ^ is the contragradient 
representation of the left regular representation of A. We 
denote it this way for the sake of convenience. Similarly, we 
denote the linear function b — (ba,f) by af. If G = a for some 
a in A, then Gf = af. 

(2) Now (iii) defines a product in A which is known as Arens 
product. '^ith this product A** becomes a Banach algebra and 
this product extends the multiplication defined on A. 

3.1.2 Definition: 

(i) A subspace X c A* is called left invariant if for every 
aeA, Xa c X. 

(ii) A left invariant subspace X in A* is called left intro- 
verted if for every F in A**, and feX, Ff belongs to X. 

Similarly we can define right invariant and right introverted 
subspaces. If A is commutative, then we simply call these sub- 
spaces as invariant and introverted subspaces. 
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5.1.3 Examples! 

We give some examples of left introverted subspaces. 

Let A be a B-algebra. 

(1) X = linear span of {fa: feA* ; aeA} then X is trivially 
left invariant. It is left introverted also for, 

if F e A**, geX is of the form fa for some feA*, aeA 
then, Fg = F(fa) = (Ff)a and Ff e A*. Therefore, Fg e X. 

We denote this space by <A*A>. More generally, if X is a 
left introverted subspace of A* then Y = linear span of 
{fa: feX, aeA} is again a left introverted subspace. 

For A = L (G) j G, a lc group <A A> is none other than, 

C (G) , the space of all bounded right uniformly continuous 
functions on G. 

(2) Let X be the space of all functionals of the form, 

00 OO 

1 f n x h’ where f n e A* 5 x n eA¥ n and I HfJI ||^|| < 

n=l n=l 

Then X is a left introverted subspace. 

( 3 ) Let (n:,Y) be a Banach space representation of A such that 
||ix(a)||< | jaj| V aeA (Refer 1.2.4) . Let 

X =« {feA : |f (x) | <_ K ||-n:(x)|| for every xeA, for some K>0}. 

Then X is a left introverted subspace. For, 

if aeA, feX, FeA , and . K>0 are such that 

]f(x) < K ||n(x)|| V xeA, then we have ||fa]| < K |Jtc (a) |j 

| (a, Ff ) | < (K ||F||) ( II 71 ( a ) |,| ) ¥ aeA. 
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(^) Let A be a commutative B-algebra. Let X = [a(A)] i.e. 
the linear subspace spanned by its maximal ideal space a(A). 

Then since, w a = ca(a)m and Foo = (u,F) w , we can 

easily see that X is introverted. 

It is well known that if A = L 1 (G ) , G a ica group, 
then the norm closure of X is precisely the space of all almost 
periodic functions on G. 

Remarks ! 

(i) The introverted subspaces were studied by A. T. Lau [32] 
for the algebra A 2 (G) ; G a lc group. , I he introverted subspace 
discussed in Example 1 has been extensively studied by 
Grosser and Losert [24]. Examples (2) and (4) were defined by 
Mat4 [34] and Birtel [ 3 ] respectively. 

(ii) We donot loose any generality in assuming that a left 
introverted subspace is norm closed. Henceforth, any left 
introverted subspace is always assumed to be norm closed. In the 
next section, we give some more examples of introverted subspaces 
when, A is a commutative B-algebra. 

5-1.4 Proposition; 

Let X be a left introverted subspace of A*. Then, 

(i) X* is a quotient algebra of A**. 

(ii) There exists a norm decreasing linear isomorphism from 
‘ A into X* iff X is total in A*. 
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Proof ? 

We prove (i). Let us first show that X"*" is a closed 
two sided ideal in A**. 

Let feX; F e X 1 ; G e A**. Then, 

(f, F.G) = (Gf , F) *s 0 since Gf e X. 

Since X is left invariant Ff » 0 and so, 

(f,G.F) « (Ff, G) = 0. 

Therefore, F.G, G.F both are in 

Now X* = A**/X"*" and so X* is a quotient algebra of A**. 

Denote this Banach algebra by By. 

(ii) is easy to check. 

5.1.5 Remarks? 

(i) Examples (l) and (2) of 5.1.3 are total. Example (3) is 
total if n: is a faithful representation and Example (4) is total 
if A is semi simple. 

(ii) For our further investigations, we always assume that X 
is total in A*. We shall henceforth denote By by B unless there 
arises a need to do so. Any general element of B will still be 
denoted by F,G, . . . 

(iii) If A is commutative, and X is as in 5.1.3 (A) then, 

By is known as Birtel algebra. 

(iv) If X and Y are two left introverted subspaces such that 
X c Y then there exists a norm decreasing linear homomorphism 


from By onto By. 
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Section 5.2: 


Throughout this section, A is assumed to be a commuta- 
tive semisimple B- algebra. In this section, we give a necessary 
and sufficient condition for a closed invariant subspace to be 
introverted and using this we give some more examples. Next, we 
give a characterization for to be commutative in terms of X. 
Finally we prove a result about the inclusions of various 
introverted subspaces. 

For any feA*, denote the convex set {fat aeA, |jaj| < 1} 
by 0(f). 


5.2.1 Proposition! 

Let X he a norm closed invariant subspace of A*. Then 
X is introverted iff for every feX, the weak-* closure of 0(f) 
is contained in X. 

Proof ! 

Since X is invariant, 0(f) c X for every feX. Now 
suppose that X is introverted. 


Let feX, geA such that g is in weak -* closure of 0(f), 
i.e., there exists a net {x i } in A such that ||xjJ| < 1 and 
{fx^} converges to g in the weak-* topology. Use Banach- Al ao gl u* s 
theorem, to obtain a subnet, which we again denote by {x i } and 
F in A** such that {x i } converges to F in weak-* topology. 


We prove that geX by showing that Ff = g. 

If aeA, (a, Ff) = (fa, F) = lim (fa, x ± ) 

=v lim (a, fx. ) = (a,g) as we required, 

i 1 


Let FeA, feX. 


We prove the converse. 
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We assume that || F || < 1. By Goldstine’s theorem (Dunford and 
Schwartz [l4, V.4.2], there exists a net {x^} in A such that 
H x jJI S. 1 { x j_} converges to F in the weak-* topology. 

Now fx i e 0(f) and, 

lim ( a , f x . ) = lim (x. ,fa) » (fa, F) = a,Ff). 
i i 1 

Hence, Ff e weak-* closure of 0(f) and so Ff e X hy hypothesis. 
Thus, X is introverted. 

5.2.2 Definition; 

We say that a functional f in A* is compact (weakly 
compact) if 0(f) is relatively compact (weakly compact) in A*. 
The set of compact (weakly compact) functionals is denoted by 
CF (WCF). It can be easily seen that CF and WCF are norm 
closed invariant subspaces of A*. We also have that the 
[a(A)] cCFc WCF. 

5.2.5 Theorem* 

Any norm closed invariant sub space X contained in WCF is 
introverted.’ 

Proof ; 

LetX be a norm closed in variant sub space contained in 
WCF. Let feX. Since 0(f) is convex, norm closure of 
0(f) = Weak closure of 0(f) 

, = Weak-* closure of 0(f) 

since 0(f) is relatively weakly compact. Therefore, 
weak-* closure of 0(f) c X and hence X is introverted by 
proposition 5.2,1. 
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5.2.4 Corollary: 

CF, WCF are introverted subspaces of A*. 

Remarks : 

(i) For a group algebra L^(G)» G a lea group, CF and WCF 
are respectively the space of almost periodic functions and 
weakly almost periodic functions. 

(ii) For the Eymard algebra A^G), G a 1c group, the spaces 
CF and WCF are again called as the space of almost periodic 
and weakly almost periodic functionals by Dunkl and Ramirez; 
Granirer [20], Notice that if G is abelian, then A^(G) coincides 
with L^(P) where P is the dual group of G. We know that for 
L^(G), G-abelian, L^(G)** is commutative if and only if G is 
finite (Cf. Civin and Yood [ 5 , Theorem 3.14]). But at the same 
time, for any simisimple commutative Banach algebra the Birtel 
algebra (5.1.5 (3)) is always commutative B- algebra extending 
the multiplication of A. Therefore it is always interesting 

to know how far the commutativity of A can be extended among 

the quotient algebras. The following discussions centre around this 

problem. 

§.«. Mil Remark: 

Let X be a introverted subspace of A* . It can be easily 

seen that 

(I) The transpose of a - fa is F - Ff for a fixed f in X. 

(il) ‘The transpose of f •* Ff is G ~ G.F for a fixed F in B^. 

(Hi) for any FeB x the right multiplication operator P (F) is 
we ale * *“ weak * continuous from B^ into B^, since it is the 
transpose of the map f -*■ Ff from X into X. 
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In view of the above remark the following lemma will 
not be surprising. 

9.2.6 Lemma; 

Let A be a commutative Banach algebra. Let X be a 
(norm closed) introverted subspace and F be in B. Then 
F is in the centre of B iff the left multiplication operator 
Mf): B -*• B is weak *- weak * continuous. 

Proof : 

If F is in the centre of B, then X (F) = P(F) and is 
weak * -weak * continuous by remark (ii) above. 

Conversely assume that X(F) is weak *- weak * continuous. 
Since A is commutative, we can easily see that, 

a.G =• G.a, ¥ acA, ¥ GeB 

Let GeB. Let {a^} c Abe such that, {a^ converges to G in 
weak-* topology. Hence F*a^ - F»G and a^F ■* G*F as X(F) and 
P (F) are weak * - weak * continuous. Since a^*F «= F*a^ for each i, 
we conclude that F»G = G*F. This completes the proof. 

9.2.7 Theorems 

Let A be a commutative B-algebra, X be a (norm closed) 
introverted subspace of A*. Then the following are equivalent. 

(i) B is commutative. 

(ii) • for every FeB, X (F): B - B is weak * - weak * continuous. 

(iii) for every feX, the map F — Ff from B into X is 
weak * - weak continuous. 
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(iv) X c WCF, the space of all weakly compact functionals. 
Proofs 

By lemma 5.2.6 (i) and (ii) are equivalent. 

It is easy to see that (ii) and (iii) are equivalent. 

To prove (iii) and (iv) are equivalent , we use the fact 
that for any two B-spaces X and Y, an operator TtX ■* Y is 
weakly compact iff ,T*s /-X* is weak* - weak continuous 
(see Dunford and Schwartz [l4, VI, 4.5]). 

Now let f e WCF. Then the operator a - fa is weakly 
compact i.e. the transpose of it is weak* - weak continuous 
which is precisely the map defined in (iii) (see 5.2.5 (i)). 

By retracing the steps, we see that the converse is also true. 

Hence the theorem. 

Remark : 

The statement that (i) and (iv) are equivalent in the 
above theorem is the theorem 5.6 of A.T. Lau [32] for the 
Banach algebra A 2 (G). 

Finally, we end this section, by proving the following 
theorem which was proved by Granirer [20 ; Proposition 2, p. 374] 
for the case A » A 2 (G). 

5.2.8 Theorem* 

' Let A be a commutative semisimple regular, Tauberian 
B- algebra. If a(A) is discrete then, 

<A*A> cCFc WCF. 
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Proof ) 

£he only non- trivial part in the theorem is to show that 
for every feA*, aeA, f a e CF. 

Because of the hypotheses on A, for every t e a(A) there 

exists in A such that $ T = X{t} ind the space of finite 

linear sums of the form 2 a i a c is a dense subset of A. 

i=l 1 1 

Thus it is sufficient to prove that for any feA*, a T eA, 
fa^-£ CF, Let g = fa , 

For any beA, (fa T )b = f (a^b) = t(b)fa T = T(b)g. 
Therefore the set {gbl ||b|| £1} is a bounded subset of the 
1-dimensional subspace spanned by g. Therefore g e CF and so 
<A*A> c CF. 

Hence the theorem. 

Remark ) 

We give an example of a commutative semi simple, regular, 
Tauberian B-algebra such that <A*A> c V/CF but a(A) is not 
discrete, which shows that the converse of the Theorem 5.2.8 
is not true. 

Let A m C(K), where K is an infinite compact T 2 space. 
Since A has a unit, <A*A> = A* = M(K) , the space of finite 
regular Bor el measures on K. 

Claim ) A c WCF. 

Let n e A be positive.. Consider the map ) A ~ A 
defined by T (f) » p.f , Let S denote the unit ball in C(K). 

|X 
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We prove that (s) is relatively weakly compact for 
which it is sufficient to prove that (S) is a relatively 
compact subset of L 1 (p ) . 

Towards this, it. is enough to check the following, 
because of Dunford and Pettis theorem (Cf. Diestel [lO]) 

(a) sup ||f dp. || < oo. 

feS 

(b) Sup / | f | dp. < p(E) for every Borel set E. 

feS E - J 

But both are trivially true in this case. Therefore T, (S) is 

r*' 

relatively weakly compact for every positive measure p and thus 
for every measurep on K. 

Hence, A* c WCF. 

But a(A) = K is not discrete. 

Remark » 

But for A 2 (G), the converse is also true (Cf. Granirer 
[ 20 , proposition 2]). 

Section 5.3 * 

In this section we intend to study the introverted 
subspaces of A*, where A is not necessarily commutative but has 
a 1- right approximate identity (Cf. 1.2.1). Let X be a norm 
closed total left introverted subspace of A* and let B = B^=A*Vx’ L . 
We imbed the algebra of left multipliers of A in B and give a 
characterization for any element in B to be a left multiplier of 
A. The main theorem in this section gives a characterization 
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for the operators from X into X commuting with actions of A. 

We discuss some of its consequences also. 

With this assumption on A, it is well known that, A** 
will have a right unit. In fact, by Banach Alaoglu’s theorem, 
there exists a subnet of {e^} which we again denote by {e^} 
and E e A** such that{e^} converges to E in weak-* topology. 
(Here {e^ denotes the 1-right approximate identity). 

It is now easy to see that Ef = f for every feX and 
G-E = E for every G in A**. 

5.3.1 Proposition} 

Let X be a left introverted subspace of A*. Then B 
has a right unit. 

Proof} 

a ** 

Since B = — - , the image of E in B will serve as a 

X 1 

right unit. 

We denote this unit by E g or simply by E when there 
is no confusion. 

Let X be a left introverted sub space of A*. We denote 
the algebra of bounded linear operators on X such that 
T(fa) * (Tf )a, V feX, aeA by L A (X) . 

5.3.2 Proposition; 

■ Let X be a left introverted sub space of A*. Then the 


following are true. 
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(i) A) , the algebra.' of multipliers on A is anti- 
isomorphically imbedded in L A (X). 

(ii) l a (x) is isomorphic ally imbedded in B. 

Both these imbeddings are norm- deer easing. 

Proof t 

We show that for every T e M^(A) , X is invariant under T . 

Let feX. Now T**(E) is in 4**. We prove that T*(f) 
belongs to X by showing T*(f) » T**(E)f. Observe that 

T* (fa) = T*(f)a, ¥ feX and V aeA. Now, 

(a, T**(E)f) = (T*(fa), E) = (T*(f)a, E) 

= (T*(f ) , a»E) = (T*(f) , a) . 

The map T - T* is the anti-isomorphic imbedding required 

in (i). 

Let S e L a (X) then since Egf « f for every feX, we 
get that S* (Eg)f = S(f) for every feX. 

Consider the map from L A (X) into B defined by S - S (Eg) . 
Then it is easy to see that this map is an algebra isomorphism. 

It is trivial to check that the above mappings are norm 

decreasing also. 

5.5*5 Remarks* 

(i) The map S - S*(Eg) defined in (ii) of the above 
proposition satisfy the following. If aeA, feX then, 

(a, Sf ) * ( fa > s*(E b )) 

for, (fa, S*(E-g) ) » (S(fa) , Eg) - ((Sf)a, Eg) 

ts lim((Sf)a, ej » lim (ae 1 , Sf) * (a,Sf) 
i 1 i 
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(ii) By the above proposition, there exists a linear norm 
decreasing anti-isomorphism from M^(A) into B which maps every T 
i n M^(A) into T**(Eg) , Furthermore, for every T e M^(A) and 
aeA, we have, a.T**(E fi ) = T(a). 

5.3.4 Theofem: 

Let X be an introverted subspace of A*. Let iiM^(A) 
into B be the imbedding as in proposition 5.3.2. Then the 
following are equivalent. Let FeB, 

(i) F e i(M^(A)). 

(ii) For every aeA, the bounded linear functional a*F on X 
is cr(X, A) - continuous. 

(iii) The map f -* Ff is weak* - weak * continuous. 

(iv) For every aeA, a*F e i(A). 

Proof ; 

Since F e i(M^(A)), there exists a T e M^(A) such that' 
T**(Eg) = F, and so a*F = T(A), V aeA by the above remark. 

Hence (i) implies (ii). 

(ii) => (iii) is easy to see. 

Since the map f - Ff is weak * -weak * continuous , we 
have for every aeA, there exist an element b such that 

(b,f ) = (a, Ff) » (f, a-F) i.e. a-F e i(A), V aeA. 


Hence (iii) *»(iv). 
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Define T: A - A by i(T(a)) = a-F. 

Since X is total, it is well defined, and the mapping is 
linear. It can be easily seen that (f, a-T(b)) = (f, T(ab)) 

V feX and a,b e A. 

Thus T e M^(A) and therefore (iv) *>(i). 

Hence the theorem. 

Remark i 

In this remark, let us improve the above theorem 
with Birtel’s result in this context for a commutative, 
semisimple regular Tauberian Banach algebra. 

We say that a function 9 on a(A) belongs locally to A 
at each % in a(A) , if there exists a neighbourhood U of t 
and a in A such that <p/U = 'a/U and s.t infinity if there 
exists a compact set K and aeA such that tp/K c = a/K°. 

It is well known that a function 9 on a(A) belongs locally to 

A 

A at each x e a(A) and at infinity then 9 actually belongs to 
i, (See Loomis [33, p. 85]). 

For a commutative regular semisimple Tauberian B-algebras 
we have an improved version of the theorem 5 . 3 . A. 

5,3.5 Theorem^ 

Let A be a commutative regular, semisimple Tauberian 
B- algebra with bounded approximate identity. Let F e B. 

Then all the four conditions in Theorem 5. 3. A are equivalent to 
(v). The function F/a(A) belongs locally to & at each point 
of a(A). 
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Proof : 

We prove (iv) and (v) are equivalent. Assume (iv) . 

Let toa(A). If U is a compact neighbourhood of % then there 
exists an element aeA such that &/K = 1 and since a-F a A, we 
obtain (v) , for, (w, a-F) = a(o)F(w). 

Now we assume (v). We observe that for every aeA such 
that *a has compact support, the hypothesis implies that a-F belongs 
locally to A at every re a(A) and at infinity. 

Therefore, (a-F)(w) = b(“) for some beA. 

So, a-F e i(A). Use Tauberianness to conclude that a-F belongs 
to i(A) for any arbitrary aeA. Hence (iv). 

The following theorem gives a characterization for L A (X). 

5 . 5.6 Theorem: 

Let A be a Banach algebra with 1- right approximate 
identity. Let X be a left introverted subspace of A*. Then 
L a (X) is isometrically isomorphic with Y* where Y is the sub- 
space spanned by {fa; feX; aeA}. 

Proof : 

Observe that by 5.1.5 (l) Y is also a left introverted 
subspace of A* and so, Y* is a Banach algebra. 

Define P: Y* - L A (X) by 
• P(F) (f ) = Ff, ¥ FeY; feX. 
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Then for every F in Y* P(F) is linear and, if aeA, feX 

we have, P(F)(fa) = F(fa) = (Ff)a = (P(F)(f)a 

and, ||P(F)(f)||< ||F|| ||f||. Therefore P(F) belongs to L^(X). 

It can be easily seen that || P(F) || < || F|| V F e Y 
and P is an algebra homomorphism. 

We prove that P is onto. Let T e L A (X). By 
remark 5-3-3 (i), there exists a FeB = X* satisfying 

(fa, F) = (a, T(f ) ) . But FeY* also. Therefore P is 

onto . 

It remains to show that P is an isometry. Since A has 
1-right approximate identity, and the norm closure of the 
subspace Y is the non- degenerate (essential) part of X when 
X is considered to be a representation space of A, we can 
apply Hewitt-Cohen’s Factorization theorem to Y (Cf. Hewitt- 
and floss [28]). 

Now let geY, ||g|| < 1 and e > 0. Then, there exists 
an feX and aeA such that ||a|| < 1, ||f-gil < £ and g = fa. 

If FeY* then, 

| (g , F) | = | (fa, F) | = | (a, Ff)| = |(a, P(F)f) | 

< ||P(F)f|| <_ | [P ( F) ||(l+e) . Since e is arbitrary, 

we have, ||F|| < ||P (F) j j and therefore P is an. isometry. 

Hence the theorem. 

We shall give some corollaries of the above theorem, and 


discuss some examples. 
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5.3.7 Corollary: 

If X is further assumed, to "be non-degenerate in the 
above theorem, then we have L.(X) ~ B v (= X*). 

5.5.8 Corollary; 

« 

Let A be as in the theorem 5.3.6, and X is <A A>“ 

(Of. example (l) of 5.1.3), then L^(A*) is isometrically 
isomorphic to = X*. 

We further observe that since the norm closure of 
<A A> = A*A by Hewitt-Cohen * s factorization theorem, an 
introverted space X is non-degenerate iff X is contained in 
the norm closure of <A*A>. Let us give some examples of 

■K- 

introverted subspaces contained in <A A> . 

Let A be commutative. Then WCF c <A*A>~. (Refer 5.2.2 
for the definition) . 

Suppose that f e WCF. We show that f belongs to the 
weak closure of the subspace <A*A>. Consider the net {fe^} 
in the orbit 0(f) of f. Take a subnet if necessary, which 
we again denote by {fe.^} and a geA , such that {fe^ converges 
to g weakly. 

But, notice that {fe^} converges to f in the weak topology. 
Therefore {fe jL } converges to f weakly. Since {fe ± } c A* A, 
f e <A*A>~. 

Therefore, the norm closure of [a(A)] ; CF, WCF are all 
contained in <A*A>~. 
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Finally, we discuss some classical examples. 

(i) If A = L^(G), G a 1c group, then, 

V(G) (L " (G)) ■ (C - (G)) *' 

where C^ u (G) denotes the space of all bounded right uniformly 
continuous functions on G. 

(ii) Let G be abelian, and AP(G) be the algebra of all 

almost periodic functions. Then the space of all bounded 
linear operators from AP(G) into AP(G) commuting with left 
convolution operators is precisely M(j3(G)) where [3(G) denotes 
the Bohr compactification of G. Notice that AP(G) = ([[*])“ 
where F* is the dual group and M(|3(G)) = (AP(G))*. 

Remark • 

A.T. Lau proved the theorem 5.3.6 for A = L^(G) 
in [31, Theorem l] and then separately for A = A 2 (G) 
in [32], G an amenable group. Corollary 5.3.7 was proved 
by Grosser and Losert [24, Section 5 ] for arbitrary Banach 
algebra with 1- right approximate identity. 

Section 5.4 : 

This section is for some of the applications of the 
results, we established in earlier sections of this chapter 
and Chapter 4. 

Let us assume that A is commutative M- regular N algebra, 
for some M > 0. This assumption is valid throughout this 
section and M is also fixed. 
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Let X be any introverted subspace containing a(A). 

For any w e a(A), we denote the set {F e Bi F(w) = 1 and 

a* F = w (a)F for every aeA}, where B is the dual X*, by M w . 

5.^.1 Propositions 

Let X be a introverted subspace containing a(A) . Then for 
every w e a(A), M u is a non-empty convex set. 

Proofs 

The only non-trivial part to prove is that M w is 
not empty. 

By lemmas 4.1.5 and 4.1.6, there exists a net {a i } in A 

w W 

and a £ in A satisfying the following. 

||a^|| <_ M and w (a i ) = i Vi, {a i } - F in the weak -* topology 
Again, (fa, F) = u(a)(f,F). In particular, F/a(A) = 

Since F(o> ) = 1 and w e X, we have that F e B and 
since, (f, a*F) = (Ff, a) = (fa, F) = u (a)(f, F) 
we infer that F belongs to . 

Hence the proposition. 

Remarks 

For the sake of definiteness, we denote the F we 
constructed in the above proposition by F°. 

5.4,2 Propositions 

Let A be a commutative M-regular N algebra, X be the space 

of all weakly compact functionals in A*, (Refer the definition 

5.2.2). Then M = {F 0 }. 

6) 
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Proof ; 

Let G be in M . Let {a.} be the net as in the above 

GO 1 J 

proposition satisfying the conditions given therein. 

Let f be in WCF. It is clear that {fa^} converges to 
(f, F°) . coin the weak-# topology. But since f e WCF, take a 
subnet, if necessary, which we again denote by {a^} so that 
{fa^} converges to (f, F°)“ weakly. Therefore, 

lim (fa., G) = (f, F°)(o, G) = (f, F°). 

i 1 

But, lim (fa,, G) = lim(f, a. *G) = limu (a.)(f,G) = 

i 1 i 1 i 

= (f, G), for, co(a i ) = 1 ¥ i. 

Therefore, (f, F°) = (f, G), ¥ f e WCF. 

Hence G = F°. This completes the proof of the 

proposition. 

5.4. 3 Theorem: 

Let A be a M- regular N algebra. Suppose that the maximal 
ideal space a(A) contains no isolated points. Then there exists 
no non- trivial weakly compact multiplier. 

Proof : ' 

■Suppose that the T is a weakly compact multiplier of A. 

We prove that T = 0 by showing that T = 0. 

* A 

, Actually we show that if T(co) £ 0 for some o> then w is 
an Isolated point by proving is a continuous function on 

a(A). 
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Consider the space WCF. Notice that a(A) c WCF. 
Let F° be as in proposition 5. 4.‘2. 


Claim! 


G - T**(F°) 

T(co) 

proposition 5.4.2. 


belongs to M , where, is as in 


G(u) = (to , t ** ( f° ) = Ifl 

T(«) T(u) 

(T(to)co t F° ) _ 

- * (U) - 1 

A 

(See remarks after 4.1.2 for a discussion about T ). 


So, G belongs to B, G( u ) = 1. 

We prove that a*G to (a)G in B. It is sufficient to 

prove a*T**(F°) = to (a)T**(F°). 

Let f e WCF, aeA. 

(f, a*T** (F°) ) = (fa, T ** ( F° ) ) = (T*(fa), F°) 

= ( T* ( f ) a , F° ) for, T is a multiplier 

= (T*(f), a*F°) for, A i s commutative 

= to (a) (T*(f ) , F° ) = « (a) (f,T**(F 0 )). 


Hence the claim. 

By proposition 5.4.2, we get that 


T**(F°) p 0 

~WT = ’ 


Since T is weakly compact, T (A ) c A, (Refer Dunford and 
Schwartz [l4, V. 4.l]). In particular, we have that there 
exists an element x e A such that, F°(t) = t(x) V t e a(A) . 



105 


But we know that F°/a(A) = x Therefore x = X 

Thus X {u} is a continuous function on a(A). 

Hence the theorem. 

Remark s : 

(i) On the contrary, if co is an isolated point, then there 
exists a non-trivial weakly compact multiplier. 

By Shilov’s idempotent theorem, there exists aeA 
such that a = i.e., for every b e A, ab = w (b)a. 

Therefore the left multiplication operator A (a) is then an 
operator of rank 1. 

(ii) The above theorem is a classical result for L^(G): 

G a lea group. A.T. Lau [32, proposition 6.9] proved the same 

result for A 2 (G). 

Finally, let us end this section by proving a theorem 
which gives various necessary and sufficient conditions for 
A to have a discrete maximal ideal space. 

ft. 4.4 Theorem: 

Let A be M-regular N algebra. Then the following are 

equivalent. 

(i) The maximal ideal space, a(A) is discrete. 

(ii) For every aeA, the left multiplication operator 

A (a) l A r A is compact. 

(iii) For every aeA, A (a) is weakly compact. 

(iv) A i s isometric ally imbedded as a two sided ideal in A 

(v) L a (A* ) ~ M(A). 
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Proof ? 

In view of the theorem 4.1.8, it is sufficient to 
prove the equivalence of first four statements. 

(i) => (ii) ; 

Since a(A) is discrete, using the fact that, A is 

semi simple regular and Tauberian, we see that A is norm 

n 

closure of finite linear sums of the form Z a.. a where 

i=l 1 i 

for every x a a(A) a is the unique element in A defined 

x 

by a T e X and e C. But since, a b = r(b)a for every 

beA, X (a ) is infact a rank 1 operator, and hence A ( a ) i s 

compact for every aeA. 

(ii.i => (iv) «- 

Let aeA. 

Since A (a) is weakly compact, we have, 

CxCa»-(A**) c A (Refer Dunford and Schwartz [l4]). 

But (X(a))**(F) » a*F. Therefore, A is a left ideal in A . 

Since a*F F* a , A is mf act a two sided ideal m A . 

(iv) °>. (l i ; 

Let u e a(A) . Let F° be as in proposition 5.4.2. 

Then, for any aeA, a*F° = co (a) F°. 

Therefore, by hypothesis F° e A. But F°/a(A) = X {«j. 

So is continuous on a(A) for every we a(A). 

Thus a(A) is discrete. 

Hence the theorem. 
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R emark ? 

It Is worth while to mention that the abelian version 
of the following theorem proved by Grosser [23] is contained 
in the .above theorem. 

^(G): G a lc group, is an ideal in its bidual space 


iff G is compact. 



CHAPTER 6 


WEAK CONTAINMENT AMONG THE B- SPACE REPRESENTATIONS 


In Section 6.1 we define Banach algebra lattices, 
give some examples and discuss lattice representations of a 
Banach algebra lattice. In Section 6.2, we study the notion 
of weak containment among the B~ space representations of a 
B-algebra. This section contains the main theorem of this 
chapter, which was originally proved by Cowling and Fendler [8]. 
We give a simpler and modified proof, for this theorem. 
Motivated by the construction of Fourier-Stilt jes algebra for 
a locally compact group G due to Eymard, we construct a host 
of function algebras on G, in Section 6.3, using the results 
we obtained in the earlier sections. . 

Section 6. 1? 

6.1.1 Definition; 

We say that A is a Banach algebra lattice if, 

(i) A is a Banach algebra. 

(ii) A is a Banach lattice. 

(iii) | xy l < | x |- 1 y | , for every x,y in A. 

As usual we denote the positive cone of A by A + . 
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Example s « 

(i) C q (S) ; S any locally compact T^-space, 

(ii) L“(S) : (S,I,m) any measure space. 

(iii) L 1 (G) ; M(G) : G any locally compact group. 

(iv) L P (G) ; 1 <_ p < «> : G a compact group. 

6.1.2 Definition: 

Let A be a Banach algebra lattice, (it, X) a B-space 
representation. Then we say that it is a lattice representation 
if, 

(i) X is a Banach lattice. 

(ii) If x e A + then it(x) is a positive operator. 

(See 1.1.3 for a discussion of B-lattices) . 

In particular if X is L p (S,£,m),l < p <_ °°, for some 
measure space (S,Z,m), then we say that (it,X) is a p- rep re sen tat ion. 

Examples : 

(i) The left regular representation (A, A) of any Banach 
algebra lattice A is a lattice representation. 

(ii) If A = (G) : G a lc group, and X = L P (G), 1 < p < 00 then, 

^ p (f)(g) = f*gj f e L 2 (G) f g e L P (G), defines a p- rep re sent at ion. 

Remarks : 

Let A be a Banach algebra lattice. 

(i) If (tc,X) is a lattice representation, then the 1 ' contra- 
gradient representation (it,X*) is also a lattice representation 
for the reverse algebra X (Cf. 1.2.6). 
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(ii) If 

then (l e Tt 
let 

Moreover, 
then so is 
tions) 


{ (tk, X^) j is a family of lattice representations, 

±. jfn ,X^)) is also a lattice rep fe sent at ion, 

if is a p- representation for every i, 

( p p (l,X. )). (Cf. 1.1.2 and 1.2.5 for nota- 

iel 1 ^ x 


(iii) If (tc , X) is a lattice (or p) representation, then so is 
its non-standard hull. (Cf. Section 2,3 for the definition). 


Sedtion 6.2 : 

■ Let A be a Banach algebra. We recall our convention that 
every B-space representation satisfies ||it(x)|| < ||x|| ¥ xeA (Cf. 1.2.4) 
If & is a collection of B— space representations, let W^ denote 
the following sub space of A . 

. {feA* : 3 a K>0 such, that |f (a) | < KSup |(it (a) || ¥ aeA} 

HE 

(*) 

Denote ||f||^ = Inf {K>0 j K satisfies } ¥ feW^ 

Remark ; 

If A a {it } then for any feW , we denote ||f||^by ||f 1 1^. 

Observe that W with the above norm is precisely the dual of 
the subspace spanned by ft (A) in L(X). 

6.2.1 Definition; 

Let & be a collection of B-space representations and 
% is another B-space representation. Then we say that % is 
weakly contained in & if ||ft(a)|| < Sup ||p(a)|| for every aeA. 

" Pe <k 

Notation; n £<jl. 
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6.2.2 Remarks: 

(i) Notice that if P then W p c • HfH^ < ||f||p V few. 

(ii) If A is a C* algebra and it, & are * representations of A 
then the above definition coincides with the fact that 

fl Ker P c Ker it. This is the original definition of weak 

P ecfc 

containment among * representations of a C-* algebra given by 

Fell [17]. 

6.2.3 Definition: 

We say that any two B-space representations it, P are 
quasi equivalent if it *4 P and P it. 

Notation it ~ P . 

6. 2.4 Rem arks: 

(i) Let (it, X) be a B-space representation. Let I be any 
index set. 1 < p '< °°. Set X_ L = X for every iel. Then it ~ it^ 
(Cf. 1.2.5 for the definition of it^). For, 

||it (p) (x)|| = Sup ||it . (x) || = || it(x) || ¥ xeA. 

iel 1 

(ii) If (it ,$) denotes non-standard hull of (it,X) then 
we have, || tc (x) || = || it(x) || for every xeA. Therefore, n 

6.2.5 .Proposition: 

Let (jibe a collection of B-space representations of A. Then 
(i) , Sup 1| P (a) || = Sup |f (a) | ¥ aeA. Furthermore, 

p e* ||f||^<l 

other B-space representation then 


(ii) If * is any 
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Tt is weakly contained in & if and only if 

W * and Jff ||^ < J|f 1!^ for every f e W^. 

Proof ; 

(i) is evident if dl consists of a single representation. 

To prove (i) for any collection, we need to show that 

Sup |Jp (a) || < Sup |f(a) | ¥ aeA. 

Let aeA and e > 0. Then there exists a P r e(fe, such that 

Sup || P (a) || < || P' (a) || + e 

P ec ft. 

= Sup |f (a) | + e 

Ilf lip'll 

< Sup |f (a) | + e ^ r eraark (i) above. 

Ilflj^ll 

Since e is arbitrary (i) follows. 

Now we prove (ii). 

'only if ' part is just from the definition. We prove the other way. 
Let aeA. 

Ik (a) || = Sup |f (a) | 

HfiUi 

< Sup |f(a) | = Sup ||p (a) || by (i). 

Ilf 11^ <1 Pe & 


■Hence the proposition. 
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6.2.7 Proposition: 

Let be a collection of B-space representations of A. 

Then there exists another B-space representation % of A such 

that ¥/: = W . 

& * 

Proof : 

Let 1 < p < °°. Let denote the collection <£ . 

Let, (m,X) denote the B-space representation, 

( E® % , fP(l,X. )). Then observe that | lit ( a. ) 1 1 = Sup ||tc.(a) 
iel 1 s' 1 iel 

V aeA. Hence the proposition. 

Let (ii,X) be a B-space representation of A. Then there 
exists another subspace of A* associated with %. 

For £ eX, PeX* we denote the bounded linear functional 
on A, a - (tc (a) I; ,b) by % „ . These are called the coordinate 

S , r l 

functionals belonging to %. 

Let T denote the sub space of all bounded linear functionals 

TC 

f which admits the representation of the form, 


E 

ne IN 




^n’ 1 ^ n 


with E ||£ || | |n || < oo. 
neW n n 


Remarks : 

(i) We can easily observe the following. 

'(a) c W^ with, ||f 11^ < s l^n^^n^ 


(b) is contained in the set of all coordinate functional 

belonging to the representation IN,X)) for 

any p such that 1 < p < °°. 



(ii) If A is a liminal C - * algebra then, for every irreducible* 
representation T^ = W^. 

Since A is liminal, tx(A) equals the algebra LC(3f) of 
all compact operators on 3* (Cf. Dixmier [ll, Chapter 4]). 

Thus is the dual of LC(S) which is precisely T^. 

But this is not the case with every B-space representation 
of a B-algebra A. For example, if A = L^(G), G a lc group and 
ix the left regular representation, K , then we can easily see 
that = L°°(G) whereas T is the space of bounded right uniformly 
continuous functions on G. 

6.2,8 Th eo r em J 

Let A he a B-algebra and let (rc,X) be a B-space represen- 
tation. Then there exists another representation (tx ' ,X’) such that 

(i) tx ~ % ' 

| ^ 

(ii) For every feW^, there exist: £ e X ; T) e(j{! ) such that 

f = and || f 11^ = i|| g || || r) ||. 

Remark ; 

This theorem was originally proved by Cowling and Fendler[8], 
We prove this theorem essentially following their ideas but using 
non-standard methods so that the proof becomes simpler. 

For proving the theorem we need the following lemmas. 

Let 1 < p < 00 be fixed, throughout this proof. 
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6. 2.9 Lemma: 

Let U denote, the unit ball of W . Then, 

V = co {it J |U|| < 1; |h|| < 1 } 

b * 1 ) 

is crCw^jA) dense in U. (See 1.1.1 for the notation). 

Proof : 

Suppose that the assertion is not true. Then there 
exists a f in U. such that f f. 1. By Hahn-Banach theorem, 
there exists an element x in A such that f(x) £ 0 but f/V = 0, 
i.e., for every £ e X, B e X* such that ||£|| <_ 1, ||B || < 1, 
we have it* (x) = 0. Therefore, it(x)- = 0. 

5 , T J 

But since |f(x) | < ||f|L |fr(x)ll, we have f(x) =0, 
which is a contradiction. 

Hence the lemma. 

6.2.10 Lemma: 

Let e > 0 and {a^,..., a n } be a finite set in A. 

Let feW be such that ||f|| < 1. Then there exists a 

Tv 71 

£ e^ p (lN, X) and tle^ (IN, X*) such that 

|| £ 1| < l; lit || <1 and |f(a i ) - (a ± ) | < e V i,l<i<n 

f 

Proof : 

Let V be as in Lemma 6.2.9« Then any element g of V 

is of the form 

n n 

E a. Tit „ where, Ea, =1, 0<a ± < 1 and 
i=l 1 § i ,T1 i 1 

l|£ ± ll< 1» Ihjl 1 v i- 
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Let, 

£ = (a^ . 

h’ * ’ * a r\ V ' S n’ 0. 

0 , . . , 

...) 

and 

1 = (aj /q 

t) a 1 / ^ n o 

1' ' * * a n • 1 n’ u ’ 

0 , . . , 

...) 

Then 

observe that 

g = it^ p ^ and 
£ T) 




t Ej^ p ( 1N,X) with ||£ || < 1; t) e ()N,X*) with || h || < 1. 
Now the result follows from Lemma 6.2.9. 


6.2.11 Lemma? 

Suppose that as A, 0 < e < 1 and f e be such that 
llflirt = 1. Then there exists 1 e P (|N,X) and rT e^C IN, X*) 
satisfying the following. 

(i) || f || = 1 = lit || and, 

(ii) |f (a) - Tti p i (a) | < e,* (Jit (a) ||. 

Proof ? 

O 

Choose a 6 > 0 such that 6 + < e * 

Since ||f|| = 1, there exists an element b in A such that 

If (b) | > (1-6) || Tt(b) || 

Choose a £ and p as in Lemma 6.2.10 so that || £ || < 1; || t || < 1 

and | f (a) - (a) j < 6 1 |tc ( a) 1 1 ; 

|f (b) - (b) | < 6 ||tc ( b) || . 

M 

Now, we have, 1 > ||§ |!*llt II > II II^Cp) (*) 

f 

But, • |it[ p > (b) | > | f (b) | - | f (b) - (b) | 

> (l-b) ||Tc(b)|| - 6 ||rc (b)|l 


(1-26 ) ||tc (b) I 
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Remark ; 

Summarizing the above, we proved that for every f e W , 
there exist nets{^}^ £ j in £ P (1N,X) and { r^} in ^(tN,X*) such that 

(i) II S^JI = 1, II ^11 = llfll* V i and 

(ii) lim |f (a) - tc[ P ^ (a) | = 0, V aeA. 

i 5 i' i' 

Now let us prove theorem 6.2.8. 

Let f e W . F 0 r the sake of simplicity we denote the 
representation (rc^ p \ £ P (lN,X) by ( P ,Y). Let (P ,Y)be non- 
standard hull of (P, Y) (Cf. Section 2.3). 

By Transfer principle (See 1.3.1) applied to the nets 
defined in the above remark, there exist nets {S j * in Y and 
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{^ilie*! in *( Y *) such "that, 

liy - 1; lhill= Ilf 11^ Vie *1. 

In fact, we observe that £ ^ e Y and T) e (Y*) e (Y)* V i. 

Now let aeA, e > 0. 

Then there exists k e I such that 


N (¥ iel)(i> k => |f (a) -P, „ (a) | < e). 

5 i^i 

By transfer principle, 

* h (Vie *1) (i > k =» |f (a) - p , _ (a) | < e ) (f) 

fi i»'i 

(Notice that e and k are standard individuals) . 


But by concurrence theorem (see 1.3.2 or Robinson [37,p.97]) 
there exists j e *1 such that j > i V iel. 


Therefore by (+) , we have, V aeA, V e > 0, 


|f (a) - P £.,r\. ( a ) I < e « 

a ^ 0 

Thus, |f(a) - (a) | w 0, V aeA. 

Vd 

A 

Since, |f(a) - r) (a) | is a standard real number, 

y 0 

we have, |f (a) (a) | = 0. 

Vd 

A 

Therefore, f(a) = P t ^ (a) V aeA. 

Vo 

We recall that p = n^K Again by remarks 6.2.4 (i) and (ii) 

(t>) A 

we have- it ~ it' p ' and P ~ P 

Put p = Ti i £ , = £ , t) » n . 

J J 
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Thus, we observe that n ~ re and f = ^ with Ufll^ = |j£|| ||'njj . 

Hence the theorem. 

6.2.12 Corollary; 

Let A be a Banach algebra lattice. If (n,X) is a lattice 
representation, then so is (n , X 1 ) and if (n,X) is a p- 
rep re sent at ion for some fixed p, 1 < p < ~, then (it' ,x') is 
also a p- rep re sent at ion. 

Remark : 

Let A be a B-algebra (tc,X) be a non-degenerate B-space 
representation. Since we know that non-standard hull of a 
non-degenerate representation need not be non- degene rat e , we 
cannot- expect to have the resulting representation (tc' ,x') in 
the above theorem to be non-degenerate. But we can still achieve 
this in some special cases. 

We shall need the following proposition due to Cowling 
and Fendler [8]. We state it without proof. 

6.2.13 Proposition: 

Let A b e a B-algebra with 1- approximate identity. 

Let (tc , X) be a B-space representation with X being reflexive. 

Then there exists a projection P with ||p|| = 1 in L(X) such that 

Po7t(a) = -rc(a)«>P % aeA 

Range of P = [-n;(A)X] 

Kernel of P = {geXs n(a)£ = 0, V aeA}. 
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6.2.1 4 Proposition: 

Let A be a B-algebra with 1 approximate identity {e^}. 

Let (it,X) be a B-space representation. Let Y = [tc(A)X] — and 
P = ic/Y. Then the sub- rep re sent at ion P is quasi-equivalent to it. 

Proof : 

We shall prove that ||u(a)|| = || P ( a) || V aeA. 

But it is sufficient to show that ||it(a)|| < ||P (a) || V aeA. 

Let aeA; e>0 and SeX. 

II w(ae ± )§ II - IIP (a) U(e ± )^) || 

< II P (a) || || it(e i )S II 

< || P (a) || || £ || , since ||e i l| < 1 and ||it (x) ||< || x| | 

V xeA. 

Hence, || itCae^H < || P (a) ||. 

But since ||it (ae^)-it (a) || -* 0, we have ||it(a)|| = lim||it(ae^) ||< | P (a) ||. 
Hence the proposition. 

6.2.15 Corollary; 

Let A be a B-algebra with 1- approximate identity {e^. 

Let .(it ,X) be a non-degenerate B-space representation with X, 
a reflexive space. Then there exists a non- degenerate B-space 
representation (it', such that, 

(i) % ~ it ’ 

(ii) V feW , there exists teX' ; 'ne(X') such that 

Ilf 11^ = IUII Ml and f = . 
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Proof? 

Let (P , Y) be a B-space representation such that 
tc ~ P and f =s Pr- vi. for some I e Y, t e Y*and |jf || = II ^ II 11^ II 

as in the theorem 6.2.8. 

Take X* = [P(A)Y]~ and tc' = P /X* i.e., 7t (a) = P°P(a)°P 

V aeA, where P is the projection as in the proposition 6.2.13. 

Now, by proposition 6.2.14, P ~ tc' and therefore, 
u ~ tc' and tc ' 1 is non-degenerate. 

Let £ = P(l) and rj = 'rj . Then £eX ; rj e ( X* )*. 

It is clear that f = (tc' (a) £ , r)) . 

Since % ~ it' , ||f 1^ = llfll^. , 

II 111 IUII - II? Illlfll - IlfH, = IHII n . 

< IIPCDII lln|| < ||f II INI 
Thus, ||f|| % = IUII INI. 

Hence the corollary. 

6.2.16 Corollary: 

If A is a Banach algebra lattice, and (u,X) a 
p- representation then so is (tc* ), where (it' ,X ) is as in the 
above .corollary. 

Proof : 

. It is enough to observe that if Y is a L p -space and 
P is a projection on it with ||p|| = 1, then the image is also 
an L p -space. But this is true. (See Lacey [29, Chapter 7]). 
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Section 6.3 * 

Let G be a locally compact group. As usual we make it 
a convention that for every B-space representation (ic,X) of G 
we have, l|ic(t)|| = 1 for each teG (Cf. 1.2.4). Therefore, the 
corresponding representation of L^(G) which is again denoted 
by (tc ,X) , will satisfy ||n(f)||< ||f|| ¥ feL 1 (G). 

6.3.1 a Definition: 

We say that a B-space representation (tc , X) of G is a 
lattice representation if, 

(i) X is a B-lattice. 

(ii) V teG, TT.(t) is a lattice isomorphism. 

A lattice representation (tc,X) of G is called a 
p- representation if X is a p-space; l<p<®. 

Remark ; 

Notice that any lattice representation of G corresponds 
to a non- degenerate, lattice representation of the Banach 
algebra lattice L^CG), and all the non- degenerate lattice 
representations of L^G) arise only this way. And this is 
the case for p-repr esentations also. 

6.3.1b Definition: 

If (£ , is a collection of B-space representations and 
tc is -another B-space representation of G then we say that 
tc is weakly contained in <&, if tc is weakly contained in & when 
tc and <£ are considered as representations of B-algebra L^"(G). 
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Similarly for qua si- equivalence among the B-space 
representations of G. 

6 . 3.2 Theorem: 

Let (-n:,X) be a B-space representation of G, with X 
a reflexive space. Then there exists a representation (*' ,X' ) 
of G such that, 

(i) % ~ % ' and 

(ii) if <p e W then there exist ^eX' ; r)e(X')* such that 

9 (t) = (rf (t)£ , t ) locally almost every where. 

Moreover, if 

(a) if 7 i is a lattice representation then so is it. 

(b) if 7 i is a p-representation then so is it' $ l<p<°°. 

Proof : 

Applying corollaries 6.2.15 and 6.2.16, we get the 
results. 

Let l<p<» be fixed. Let fr denote the collection of 
all p- representations of G. 

6.3.4 Theorem: 

W *. is a commutative Banach algebra of functions over G 
with unit. 

6.3.5 Lemma: 

Let (n^, 

0 it 2 is also a p-representation. 

(Refer 1.1.3 for the definition of X-^ 0L X ^) . 


X^); ( 71 2 ^ 2 ) be any two p- representations, then 
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Proof: 


We observe that X, @ X„ is a p-space with the 

1 X ^ 

positive cone given by the {convex cone spanned by (X^© (X 2 ) + .} 


For every teG define (-rc^ 0 Tc 2 )(t) b y 

0^ ® ® ^ = ® Tc 2 (t)^ 2 


for every 


e t 2 e X 2 . 


Using the fact that ix^(t) and u 2 (t) are lattice 
isomorphisms and the definition of the positive cone of 
Xf X 2 given above, we observe that @ n; 2 (t) is a lso 
a lattice isomorphism. 


Hence the lemma. 

Now we prove the theorem 6.3.4. 


By the proposition 6.2.7, for some B- space 

representation n . Since is a collection of p-representations 
n is also a p- rep re sent at ion. 


Now W is already seen to be a B- space. 

/ t 

Claim : 


W is an algebra. 

Let 9 ^, 9 2 be in W^. Then by theorem 6.3.3, there 
exists another representation (5t,50 such that W = W^ and 
there exist ^ , § 2 in X and r i^, 4 2 in (X) satisfying the 
following. 
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(a) cp, = %_ and <p 0 = % ' locally almost every- 

1 ^l ,r d. 2 ^2 ,r) 2 

where. 

(b) Ikp^ = II^IU = IllJI ll^ll and 

ih> 2 ii # = ii*a - iiy ll^ll- 

Now consider the p- representation (tt © %, 2 (x)j %) . 

If we denote this representation by P, then we have, 

1 ® ^ 2 , T ) 1 ® ^2 = 9l * 92 
P fi 1 ®6 2 ^ 1 ®V t) = W*l**2’ \ * V 

= (n (t)^ © % (t) l 2 , ri 1 © t 2 ) 

« (tT (t) £ 1 f T ) 1 )(« (t) t>2 ,X] 2* 

= 9 1 (t).<P 2 (t) , ^ teG. 

Thus 9^*92 is in 

By our constructions we infer that ti, ft , P are all in 

Claim ? 

Hf n, \\\? 2 II#. 

Let f e L^(G) , then we have, 

|(f,9 1 -T 2 )| = l(P(f)(S 1 ® l 2 ), ©b 2 ))| 

< 11(6-3 <S 6 2 ) II 11(^3 ® t > 2 ) II Jl p ( f )ll 

■ < llsjl IlSgll IlnJI lh 2 H Sun ||a(f)||. 
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Therefore, 

• I'V’s 11 # i HM ^i 11 H { 2 II IM 

= II < p 2 H T[ 

- iihii#- iM* 

Hence, is a commutative B-algebra. 

Let P be the trivial representation of G on a p-space X. 

If t eX and. B eX* such that (£,B) = 1 then, we observe that 

Pt is the constant function on G with value 1 on G. 

S I 

This function will serve as a unit for this B-algebra. 

Hence the theorem. 

Remark : 

For every fixed l<p<°°, we denote the above B-algebra by 

F (G). 

P 

6.3.6 Remarks: 

(i) Let Kp<°°. Then the Figa-Talamanca -Herz algebra A (G) 

is' a sub-algebra of F (G). (Refer 1.2.3 for the discussion of A p (G)). 

Observe that A (G) c \ where x is the p-regular repre- 

p , P P 

sentation of G on L P (G). (Refer 6.1.2). 

Moreover X e h and therefore, A (G) c. W, c W . 

P u P p 

Since A (G) is an algebra with point-wise multiplication, 

Ap(G) is infact a subalgebra of F^(G). 
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(ii) The Banach algebra W (G) defined by Cowling [7, 

Section 4, Theorem 5] is actually W in our notation. Further- 
more, W _(G) is a subalgebra of F '(G) for, the multiplication 

Jr Jr 

defined in W (G) is also pointwise multiplication of functions. 

X”' 
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